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Abstract 



This thesis is devoted to the study of three problems on the Wess-Zumino-Witten 
(WZW) and Chern-Simons (CS) supergravity theories in the Hamiltonian framework: 

1. The two-dimensional super WZW model coupled to supergravity is constructed. 
The canonical representation of Kac-Moody algebra is extended to the super Kac- Moody 
and Virasoro algebras. Then, the canonical action is constructed, invariant under local 
supersymmetry transformations. The metric tensor and Rarita-Schwinger fields emerge 
as Lagrange multipliers of the components of the super energy-momentum tensor. 

2. In dimensions D > 5, CS theories are irregular systems, that is, they have con- 
straints which are functionally dependent in some sectors of phase space. In these cases, 
the standard Dirac procedure is not directly applicable and must be redefined, as it is 
shown in the simplified case of finite number of degrees of freedom. Irregular systems 
fall into two classes depending on their behavior in the vicinity of the constraint sur- 
face. In one case, it is possible to regularize the system without ambiguities, while in the 
other, regularization is not always possible and the Hamiltonian and Lagrangian descrip- 
tions may be dynamically inequivalent. Irregularities have important consequences in the 
linearized approximation of nonlinear theories. 

3. The dynamics of CS supergravity theory in D = 5, based on the supersymmetric 
extension of the AdS algebra, sw(2,2 |4), is analyzed. The dynamical fields are the viel- 
bein, the spin connection, 8 gravitini, as well as SU(A) and U(l) gauge fields. A class 
of backgrounds is found, providing a regular and generic effective theory. Some of these 
backgrounds are shown to be BPS states. The charges for the simplest choice of asymp- 
totic conditions are obtained, and they satisfy a supersymmetric extension of the classical 
WZW 4 algebra, associated to sw(2,2 |4). 
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Resumen 



Esta tesis esta dedicada al estudio de tres problemas en de teorias de supergravedad de 
Wess-Zumino-Witten (WZW) y de Chern-Simons (CS), en el formalismo hamiltoniano: 

1. Se construye un modelo de super WZW en dos dimensiones, acoplado a super- 
gravedad. La representation canonica del algebra de Kac-Moody es extendida a las 
algebras de super Kac-Moody y super Virasoro. Luego, se construye la action canonica, 
invariante bajo transformaciones de supersimetria locales. El tensor metrico y el campo 
de Rarita-Schwinger aparecen como multiplicadores de Lagrange de las componentes del 
super tensor energia-momentum. 

2. En dimensiones D > 5, las teorias de CS constituyen sistemas irregulares, es decir, 
contienen ligaduras que son funcionalmente dependientes en algunos sectores del espacio 
de fase. En estos casos, el procedimiento de Dirac estandar no es aplicable directamente 
y debe ser redefinido, como se muestra en el caso simplificado cuando el sistema tiene 
un numero fmito de grados de libertad. Los sistemas irregulares pueden pertenecer a dos 
clases, dependiendo de su comportamiento en la vecindad de la superficie de ligadura. En 
un caso, es posible regularizar el sistema sin ambigiiedades, mientras que en el otro, la reg- 
ularizacion no es siempre posible y las descripciones hamiltoniana y lagrangiana pueden no 
ser dinamicamente equivalentes. Estas irregularidades tienen importantes consecuencias 
en la aproximacion linealizada de teorias no-lineales. 

3. Se analiza la dinamica de la teoria de supergravedad de CS en D = 5, basada en 
la extension supersimetrica del algebra de AdS, sw(2,2 |4). Los campos dinamicos son el 
vielbein, la coneccion de spin y 8 gravitini, ademas de campos de gauge para SU (4) y U(l). 
Se identifica una clase de backgrounds que da lugar a una teoria efectiva que es regular 
y generica. Del mismo modo, se prueba que algunos de estos backgrounds son estados 
BPS. Se obtienen las cargas para la election mas simple de condiciones asintoticas. Estas 
cargas satisfacen una extension supersimetrica del algebra clasica de WZW 4 , asociada a 
su(2,2|4). 
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Po3HMO 



OBa Te3a je nocBefreHa npoy^aBa&y TpH npoSjieMa y Be3H ca Bec-3yMHHO- 
BuTeHOBHM (B3B) h HepH-CajMOHcoBHM (HC) TeopHjaMa cyneprpaBHTaHHje y 
OKBHpy XaMHJiTOHOBor (f)opMaJiH3Ma: 

1. KoHCTpyHcaH je /tBO^HMeH3HOHn cynep B3B-ob Mo^eji KynjioBaH ca cynep- 
rpaBHTau,HjoM. KaHOHCKa penpe3eHTaHHja KaH-MynnjeBe ajireSpe je nponinpeHa 
ro cynepcHMeTpHMHe KaH-My^HjeBe h Bnpa3opoBe ajireSpe, a 3clthm je KOHCTpy- 
HcaHo KaHOHCKo ^ejcTBo HHBapHjaHTHO no a TpaHC(f)opMaD;HjaMa jionajiHe cynep- 
CHMeTpnj e . MeTpuMKH TeH3op h PapHTa-IIlBHHrepoBO nojte cy ce nojaBHJin Kao 
JIarpaH>KeBH mhokhtcjiiH y3 komiiohghtc cynepTeH3opa eHeprnje-HMnyjica. 

2. HC-OBe TeopHje y ^HMeH3HjaMa D > 5 cy nperyjiapHH cucTeMH, bito 3helmh 
K8l ca/ip>Ke Be3e Koje cy diyHKHHOHajmo 3aBHCHe y noje^HHHM oSjiacraMa (j)a3Hor 
npocTopa. y thm cjiyMajeBHMa He Mo>fce .zpipeKTHo #a ce iiphmchh CTaH/iap^Ha 
XtupaKOBa npou,e^i,ypa, Hero Mopa #a ce pe^e4»HHHHie, hito je ypatjeHo 3a Haj- 
je^HocTaBHHje cncTeMe ca kohothhm SpojeM CTeneHH cjioSo^e. I[oKa3aHo je ,na 
nocToje ^Be BpcTe Hperyjiapmix cHCTeMa, y 3aBHCHOc™ o,n Tora KaKo ce noHaniajy 
y 6jih3hhh noBpniH ,ne(f)HHHcaHe Be3aMa. Y je^HOM cjiyMajy chctcm Mo>Ke ,na ce 
peryjiapHHie, .hok y ^pyroM cjiy^ajy peryjiapH3au,Hja HHje yBeK Moryfia, noniTO 
XaMHJiTOHOB h JlarparofceB 4»opMajiH3aM Mory ,na ,noBe,zry ro ^hh aMHMKH HeeKBH- 
BajieHTHHx pe3yjiTaTa. HperyjiapHoc™ HMajy 3HaMajHe nocjie^HHe y jiHHeapHoj 
anpoKCHMau,HjH He jiHHe apnux Teopnja. 

3. AHajiH3HpaHa je ^jiHaMHKa HC-OBe Teopnje cyneprpaBHTaHHje y D = 5, 
6a3HpaHe Ha cynepcHMeTpH^Hoj eKCTeH3njn aHTH-^e CuTepoBe ajireSpe, sw(2,2|4). 
HHHaMHMKa nojta Te TeopHje cy neHTa^a, cnnHCKa KOHeKcnja, 8 rpaBHTHHa, Kao h 
rpa^HjeHTHa nojta S77(4) h U(l). HafjeHa je KJiaca no3a,HHHCKHx nojta TaKBHx ,a,a 
cy e4»eKTHBHe TeopHje, ,ne (|>hhh c aHe y H>HxoBoj okojihhh, peryjiapHe h reHepn^Ke. 
TaKofje je noKa3aHo ,na Hena o,n thx no3a/iHHCKHx nojta npe^CTaBJLajy t3b. BPS- 
CTaaa. H360POM Hajje^HOCTaBHHjHx acHMiiTOTCKHx ycjiOBa cy .noSnjeHH oMyBaHH 
HaSojH, MHja je ajireSpa cynepcHMeTpH^Ha eKCTeH3Hja KJiacHMHe WZW 4 ajireSpe, 
aconnpaHe ca su(2,2|4). 
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Chapter 1 
Introduction 



Wess-Zumino-Witten (WZW) and Chern-Simons (CS) field theories have been intensively 
studied in connection with several applications in physics and mathematics. 

The two-dimensional WZW theory 1 0121 El, described by a non-linear sigma model 
with non-local interaction, was originally studied by Witten [3] as a theory equivalent 
to non-interacting massless fermions, thus providing non-Abelian bosonization rules for 
interacting fermionic theories. The WZW action is also known as the necessary counter- 
term for cancelation of quantum anomalies (the breaking down of a classical symmetry at 
the quantum level) [I] [E]- This theory is exactly solvable and quantizable, and its action 
has two independent ("left" and "right") chiral symmetries, whose infinite-dimensional 
algebras are two copies of the affine, Kac- Moody (KM), algebra. The WZW theory is also 
conformally invariant, where the symmetry is described by the Virasoro algebra. Because 
of this, the WZW model is relevant in string theory, as well. 

Three-dimensional CS theories have a topological origin, since they can be defined as 
CS forms integrated over the boundary of a compact four-dimensional manifold. These 
theories have no local degrees of freedom and they are also exactly solvable and quantizable 

As topological field theories, they can be used in the classification of three-dimensional 
manifolds jl()j . The quantum CS theories are known to describe the quantum Hall effect 
[TT] . CS theories can also be defined on three-dimensional manifolds with a boundary. In 
that case, their transformations under the "large" gauge transformations are non-trivial 

1 This is also called Wess-Zumino-Novikov- Witten (WZNW) theory. 
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and given by a closed 3-form, that has been used in the context of quantum anomalies. 
The fact that both WZW and CS theories are related to the quantum anomalies is not 
accidental. Their relation reflects a profound connection between them. For example, the 
gauge transformations of the CS action give a non-trivial contribution to the gauged WZW 
model describing the most general form of a two-dimensional chiral anomaly |I2] ^Ej- Any 
CS theory defined on a three-manifold with a boundary, induces a two-dimensional WZW 
model as a topological field theory [Till ITol ITTj. 

In general, the dynamics at the boundary is determined by the asymptotic behavior 
of the fields. This is essential for a suitable definition of the global charges of the theory 

BBH2DI. 

The most interesting aspect of these two classes of theories, which will be further 
investigated, is their deep connection with lower- dimensional gravity theories. For exam- 
ple, two-dimensional induced gravity can be obtained as a gauge extension of the WZW 
model while the Liouville theory, describing the asymptotic dynamics of three- 

dimensional Einstein-Hilbert gravity with negative cosmological constant, is equivalent to 
the two-dimensional induced gravity in the conformal gauge [2UI2S1- 

On the other hand, three-dimensional gravity, described by the Einstein-Hilbert ac- 
tion, which is linear in the curvature of space-time, can be formulated as a CS gauge 
theory invariant under de Sitter (dS), anti-de Sitter (AdS) or Poincare groups |2H1 123 12H| • 
Asymptotically locally AdS gravity, for example, has an infinite-dimensional algebra of 
asymptotic symmetries described by the Virasoro algebra, whose realization in terms of 
conserved charged requires a non-trivial classical central charge [2H] • 

The need to look for alternative gravity theories arises from the fact that General 
Relativity, which gives a successful classical description of gravitational phenomena in 
four dimensions, does not admit a standard quantum description yet, while the other 
three fundamental forces are consistently unified and described by quantum theories of 
the Yang-Mills (YM) type. In this approach, the main obstruction for existence of a 
quantum theory of gravity is its nonrenormalizability, i.e., the impossibility of removing 
all divergences which appear in the high-energy sector of the theory, due to the dimension 
of gravitational constant. While the renormalizability of YM theories is a consequence 
of their invariance under local gauge transformations, since the gauge principle provides 
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a dimensionless coupling constant, the Einstein-Hilbert theory is invariant under general 
coordinate transformations x — > x' = x'(x) (diffeomorphisms). This symmetry, however, 
does not guarantee the consistency of the quantum theory, because this symmetry does 
not have a fiber-bundle structure as in YM theories (which is sufficient, but not necessary 
condition for a theory to be renormalizable) . 

Supersymmetry is naturally introduced, since supersymmetric theories can lead to a 
non-trivial unification of space-time and internal symmetries within a relativistic quantum 
field theory (see, e.g., [3H] [32])- In these theories, both bosons and fermions belong to the 
same representation of the supergroup. The gravitational interaction emerges naturally 
from local supersymmetry, since the anticommutator of two supersymmetry generators 
(supercharges) gives a generator of local translations. In that way, supergravity theories 
are obtained as supersymmetric extensions of the purely gravitional part. 

Furthermore, supersymmetric extensions of chiral and conformal symmetries define 
supersymmetric WZW models, characterized by super KM and super Virasoro algebras 
[33] . In three dimensions, these superalgebras are obtained as the algebra of the classical 
charges for AdS supergravity models, with adequate asymptotic conditions (3H ES] • 

The existence of supersymmetry makes possible to construct non-negative quantities 
quadratic in the supercharges, which gives rise to the inequalities known as Bogomol'nyi 
bounds [36 . These bounds guarantee the stability of the ground state (vacuum) in su- 
pergravity theories, so that it remains a state of minimal energy after perturbations. 
The Bogomol'nyi bound ensures the positivity of energy in the standard supergravities 
[33 EH EH] , even in presence of other conserved quantities [10] . 

Higher-dimensional theories can be physically meaningful if one supposes that only 
four dimensions of space-time are observable, while others are "too small" to be visible 
at currently reachable energies. In that sense, a four- dimensional theory would be an 
effective theory. This can be realized by the procedure known as dimensional reduction, 
where one assumes that the radius of extra dimensions is compactified beyond sight (see, 

e.g., mw- 

It is interesting, thus, to consider higher- dimensional CS theories, which are defined 
in all odd dimensions, and have Lagrangians represented by CS forms [13] [II]- CS 
gravity and supergravity theories are based on the anti-de Sitter [AdS, or SO(D — 1,2)], 
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de Sitter [dS, or SO(D, 1)], and Poincare [ISO(D — 1, 1)] gauge groups, as well as their 
super symmetric extensions. They are by construction invariant under diffeomorphisms 
and provide a non-standard, consistent description of gravity as a gauge theory [48 -[52j. 
They are genuine gauge theories which are extensions of the Einstein-Hilbert action. Their 
actions are polynomials in the curvature R and they can also depend explicitly on the 
torsion T. Furthermore, they possess propagating degrees of freedom [SUES], and have a 
very rich phase space structure. In CS supergravities, unlike in the standard supergravity 
theories, the supersymmetry algebra closes off shell, without addition of the auxiliary 
fields [HE]. 

On the other hand, WZW and super WZW theories could be generalized to higher di- 
mensions as field theories whose symmetries are described by (supersymmetric) extensions 
of KM and Virasoro algebras. They are not studied as much as in the two-dimensional 
case. For example, the WZW action is known in four dimensions, with the local sym- 
metry described by a four- dimensional extension of the KM algebra, or WZW4 algebra 
jlHl El EZI- The relation between this four- dimensional WZW theory and a CS theory 
in five dimensions is established only at the level of algebras [S3], while the actions has 
not been obtained explicitly. In general, the action of the four-dimensional super WZW 
model remains unknown. 

Higher-dimensional CS theories have complex configurational space. In five-dimensi- 
onal CS supergravity, for example, it was observed that the linearized action around an 
AdS background seems to have one more degree of freedom than the full nonlinear system 
[55] . This paradoxical behavior arises from the violation of the regularity conditions 
among the symmetry generators of the theory, or their functional dependence, in the 
region of phase space defined by the selected background. Therefore, CS theories in 
D > 5 dimensions are irregular systems, where Dirac's standard procedure of finding 
local symmetries and physical degrees of freedom jSH] fails. 2 The problem of the regularity 
does not appear in lower- dimensional WZW or CS theories, but can occur in any physical 
system, independently of the dimension of space-time. 

Constraints satisfying regularity conditions are sometimes referred to as effective con- 

2 A well-known example of an irregular system is a relativistic massless particle (p^p^, = 0), which is 
irregular at the origin of momentum space (p^ = 0). 
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straints [60J. The issue of regularity (effectiveness) and its relevance for the equivalence 
between the Lagrangian and Hamiltonian formalisms has also been discussed in several 
references [OH E3 EB] ■ 

There are many different areas where the WZW and CS theories find their applications 
but, from the point of view of this thesis, the main motivation to study these theories is: 
(i) CS theories are alternative gravity and supergravity theories in odd dimensions, (ii) 
every AdS-CS theory induces a conformal field theory at the boundary, a WZW model, 
and (Hi) WZW models should correspond to (super)gravity theories in even dimensions. 

Therefore, three problems related to CS theories and to the topics (i)-(iii) are pre- 
sented in this thesis, where each one can be analyzed independently. 

• The first problem is the construction of the super WZW model coupled to super- 
gravity, from the chosen canonical representation of the super Virasoro algebra. The 
model is obtained explicitly in two dimensions [03], what may provide some insight 
for finding the unknown four- dimensional super WZW theory. 

• The second question arises from the need of dealing with irregular CS systems, 
and of generalizing the Dirac procedure. The problem is analyzed for classical 
mechanical systems with finite number of degrees of freedom |551l66j . and discussed 
in CS theories as well [00] • 

• The third part presents a work currently in progress, based on the study of the dy- 
namical structure of five-dimensional AdS-CS supergravity, both in the bulk and at 
the boundary. The physical degrees of freedom and local symmetries of these theo- 
ries depend on the symplectic form (defining the kinetic term). Since the symplectic 
form is a function of phase space coordinates whose rank can vary throughout the 
phase space, CS theories can be either regular, or irregular [00] • Moreover, they 
can be generic, with a minimal number of local symmetries [HSj, or degenerate if 
the symplectic form has a lower rank and additional symmetries emerge [07, 68J. 
In the asymptotic sector, the charge algebra of the AdS-CS supergravity is the 
super symmetric extension of the WZW4 algebra with a central charge [OH] ■ 

The thesis is organized as follows. 
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In Chapter 2, the two-dimensional WZW model is reviewed. Two independent KM 
algebras are obtained as canonical symmetries of the WZW action. The conformal sym- 
metry in this model is not independent, since the Virasoro generators can be expressed as 
bilinears of the KM generators. The super WZW model is also discussed, using superspace 
formalism. 

In Chapter 3, two-dimensional WZW supergravity is constructed using the Hamilto- 
nian method. The canonical (first order) action is defined from the phase space represen- 
tation of the super Virasoro algebra, and the Lagrange multipliers corresponding to the 
super Virasoro generators appear as the components of the metric field and gravitini. 

In Chapter 4, Dirac's procedure is extended to irregular classical mechanical systems 
with finite number of degrees of freedom. These systems are classified, and regularized 
when possible, by introducing dynamically equivalent regular Lagrangians. It is shown 
that a system cannot evolve in time from a regular phase space configuration into an 
irregular one, since regular and irregular configurations always belong to sectors of phase 
space that do not intersect. 

In Chapter 5, the dynamical structure of the higher-dimensional CS theories is studied, 
where the symmetries are analyzed using canonical methods. Criteria which determine 
whether the regularity and genericity conditions are satisfied around the chosen back- 
ground, are presented. 

In Chapter 6, five- dimensional AdS -CS supergravity theory, based on SU(2,2\N) 
group, is studied, as the simplest example of CS supergravity theories with propagating 
degrees of freedom. In the particular case of N = 4, a class of generic and regular 
backgrounds is found, such that all charges can be defined at the boundary. Among 
them, there are configurations which are BPS states. The classical charge algebra is 
obtained as the supersymmetric extension of the WZW4 algebra with a central extension. 

The main results of the Thesis were published in Refs. |64 | l65 | l66]. and the manuscript 
jnn] is in preparation. 
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Chapter 2 

Wess-Zumino-Witten model 



Wess-Zumino-Witten (WZW) models are conformal field theories in which an affine, or 
Kac-Moody (KM) algebra gives the spectrum of the theory. The two-dimensional WZW 
model studied here is a system whose kinetic term is given by the nonlinear sigma model 
and the potential is the Wess-Zumino term Ej. This model was originally studied 
by Witten in the context of two-dimensional bosonization, where it provides non-Abelian 
bosonization rules describing non- interacting massless fermions [Sj. The WZW action was 
also used as a term cancelling quantum anomalies [I] [Ej- It is a chirally and conformally 
invariant theory, and exactly solvable. 

The purpose of this chapter is to present the WZW model and its global and local 
symmetries in a systematic way, as well as to introduce the notation. In the next chapter, 
a general idea of finding an action, starting only from the algebra of its local symmetries, 
will be presented in two dimensions and for N — 1 superconformal group. It will be shown 
that, in that way, the super Virasoso algebra leads to the super WZW model coupled to 
super gravity. 



7 



2.1 The action 



The two-dimensional WZW model has a fundamental field g belonging to a non-Abelian 
semi-simple compact Lie group G and the dynamics given by the action 

Avzw [g] = h [g] + T\g} = -aj (*VV> - | j <V 3 > (V = g- l dg) , (2.1) 

M B 

where Iq [g] is the action of the non-linear cr-model with a positive dimensionless coupling 
constant a, while F [g] is the topological Wess-Zumino term defined over a three-manifold 
B whose boundary is the two-dimensional space-time, dB = A4, and k is a dimensionless 
constant. Here V is a Lie-algebra-valued one-form, *V is its Hodge-dual and (• • • ) stands 
for a trace. The exterior product A between the forms is understood. 

The Wess-Zumino term has a non-local expression, involving integration over the three- 
manifold B, but it depends only on its boundary M. modulo a constant. Independence 
from the choice of B follows from the identity 

ii / < v3 > - ii / < v3 > = - 2 ™ ' {n e z) ' (2 - 2) 

B B> 

with A4 = dB = dB' , which is a consequence of the index theorem. The set B U B' is 
a closed oriented manifold, topologically equivalent to a three-sphere S* 3 , provided the 
boundaries of B and B' have opposite orientations. Thus, the term 2nn in ()2.2j) arises 
because of the topologically distinct possibilities to have the mapping g(x) : S 3 — > G, clas- 
sified by 7T3 (G) ~ Z (for G compact semi-simple), with the corresponding winding number 
n. Therefore, all dynamics happens on the two-dimensional space-time Ai, provided the 
constant k is proportional to an integer, 

k = — . (2.3) 

8tt V ; 

Then, the quantum amplitude J [dA] e i7wzw ' A l is independent of the choice of B, provided 
the constant k is quantized as in ()2.3|) . 

Field equations. The local coordinates on A4 with the signature (— , +) are in- 
troduced as (fi = 0, 1). Then the differential forms can be expressed in the basis of 
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1-forms on A4 as V = g 1 d fl g dx^ and *V = e " g l d v g dx^ (with e 01 = 1). Under a small 
variation of the gauge field, g — ► g + Sg, the WZW action changes as 

5/wzw [<?] = -o / rf 2 x ((T 1 ^ (iT 1 ^)) + k j d 2 xs^ {g'Hgd^ (g- l d v g)) . (2.4) 

In the light-cone coordinates x ± = (x° ± x 1 ), it gives the following field equations: 1 

(a + k) cL {g- l d + g) + (a — k) d+ (g^d-g) = . (2.5) 

Therefore, taking into account that a must be positive in order to have the right sign 
in the kinetic term of (J2.1J) . while the sign of k = ^ depends on n G Z, there are two 
possible choices of a which give a theory with chiral symmetry. For a = —k and n < 0, 
the equation of motion is d + (g^d^g) = 0, with the general solution 

g(x + ,x~) = g+ (x + ) g- (x~) , (2.6) 

where g + and g- are elements of G. For a = k and n > 0, (|2.5j) becomes cL (g~ 1 d + g) = 
and the general solution is factorized as g_ (a; - ) g + (x + ). Equation ()2.6|) is invariant under 
the left chiral transformations g + {x + ) — > f2 + (x + ) g + (x + ) and n<?/it chiral transformations 
9- -> 0- M, or 

#(x + , aT) -> fi + (a; + ) g(x + , x')^ 1 (x~) , fi_) G G ® G . (2.7) 

This symmetry is related to two independent Kac-Moody algebras, as will be seen using 
canonical methods. 



2.2 Kac-Moody algebra 

The symmetries of the WZW action (j2.1j) with a = —k > can be found using the 

Hamiltonian formalism [2 EOj ■ A summary of the formalism is given in Appendix El 

Let the local coordinates q l parametrize the group manifold, g = g(q), where the 

number of coordinates is equal to the dimension of G, and the generators of the group 

the light-cone coordinates, the antisymmetric tensor becomes = — e ^ = 1, and the metric 
has non-zero components rj-\ = rj |_ = — 1. 
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satisfy the Lie algebra [G a , G&] = f ab c G c . Then the Lie-algebra-valued 1-form V can be 
expanded as 

V = g- 1 dg = dq i E?G a , (2.8) 

where Ef is a vielbein on the group manifold. The Killing metric in the adjoint repre- 
sentation of the Lie algebra is g ab = (G a G b ) = fg^fbci an d m the coordinate basis the 
metric is 

7 « (q) = K (<?) E) (q) g ab . (2.9) 

On the basis of Poincare's lemma, the equation d (V) 3 = can be locally written as 
exterior derivative of a two-form, 

(V) 3 = -6dp, (2.10) 
where p = \ Pij dq l dqi . Rewriting this in components, the following identities are obtained: 

- f abc E*E]E c k = d iPjk + d 3 p kl + d kPij . (2.11) 
Then the local expression for the action (j2.1jl in the light-cone coordinates becomes: 

Avzw [9 (?)] = -2k J d 2 x [ 7ij - (q) + 2 Pij (q)} d.q'd+q* . (2.12) 

Taking r = x° as canonical time, one finds that (|2.12|) has no first class constraints, 
therefore has no local symmetries. But it is expected to find that this action possesses 
two types of chiral symmetry which, unlike standard local symmetries, depend only on 
one coordinate. The canonical approach to the chiral symmetries requires to take one 
of the light-cone coordinates as the time variable. In order to find the complete chiral 
invariance of ()2.12|) . both possibilities r = x~ and r = x + should be analyzed. 

a) Local symmetries 

The space-time coordinates are chosen as (r, o) = (x~,x + ). Then, the momenta Pi = jji 
canonically conjugated to coordinates q l are not independent and define the constraints 

= Pi + 2k ( 7ii + 2 Pij ) 3 a q ] w , (2.13) 
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where the additional subindex "— " in K-i refers to the choice of r, while ~ denotes 
the weak equality, since the derivatives of K-i do not vanish on the constraint surface 
= 0. An equivalent set of constraints (defining the same constraint surface) is 

K_ a = -EiK_4Kt0, (2.14) 

where E % a is the inverse vielbein (E%E% = 5 b a and EfE{ = 5(). Then, the Hamiltonian 

H = [ dau a K- a (2.15) 



depends on the arbitrary multipliers u a (r, a) and generates the time evolution of any 
phase space variable F (q, p) by Poisson brackets (PB) as 

^f = {F,H}. (2.16) 

GST 

The constraints K- a « are preserved in time if d a u = 0, thus they do not yield new 
constraints, and u = u{t). The PB of constraints give rise to the affine, or KM, algebra 

{K- a (x) , K_ b (x')} = fJK_ c (x) 5 (a - a') - Akg ab dJ (a - a') , (2.17) 

with the central extension —4k. Here x = (r, a) and the PBs are taken at the same r. 
The presence of the Schwinger term proportional to d a 5 in (J2.17|) indicates that not all 
constraints are first class, however, it is not clear how to identify first and second class 
constraints. Assuming that the space is compact and all variables on M. are periodic 
functions, with period L, F (r, cr + L) = F (r, a), they can be Fourier-expanded as 

L 

F(T,o-) = ±J2 F "^ e ~ 2 ~ fLna " F n {r) = J daF{T,o-)e^ n ° . (2.18) 

Then, the KM algebra becomes 

{K_ an ,K_ bm } = f ab c K_ 

c(n+m) 8711 kn Qab$n+mfl ■ (^■^^) 

The result does not depend on the period L, and now it is straightforward to separate 
first and second class constraints. From 

{K_ a0 , K. bn ] = f ab c K_ cn « , (2.20) 
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it can be seen that the zero modes K a o are first class constrains and that they close the 
PB subalgebra which is isomorphic to the algebra of G, while the non-zero modes K an 
{n 7^ 0) are second class constraints, 

{K„ an ,K_ b{ _ n) }n-8mkng ab ^0, (n ^ 0) . (2.21) 

Therefore, the generator of gauge transformations, containing all first class constraints, 
has the form 

G_[A] = A^_ o0 , (2.22) 

with a local parameter A^ (r). The dynamical field q l changes under infinitesimal gauge 
transformations as 

5-q i = {q\G[\]} = -\ a _El, (2.23) 

which, with the help of the expansion g~ x 5-g = 5~q' l E°'G a , leads to the transformation 
law g~ l 5_g = — A_, or 

5_g = -<?A_ . (2.24) 
The transformations (j2.24j) are the infinitesimal form of the right chiral gauge transformations 

g _> g n-J (ar) , (2.25) 

with a group element defined as f2_ = e A_ ~ 1 + A_. 

Alternatively, choosing the space-time coordinates as (r, a) = (x + ,— x~), where the 
minus sign is adopted to preserve the orientation between coordinate axes, and with the 
help of the identity 

-gVg- 1 = gdg- 1 = dq l E« G a , (2.26) 

the constraints take the form 

K +a = -E\ [ Pl + 2k ( T y - 2 Pij ) d a qi] w . (2.27) 

They form an independent KM algebra, 

{K +a (re) , K +b (x')} = f ab c K +c (x) 5 (a - a') + Ak g ab dj (a - a') , (2.28) 

with the central extension +4k, which has the opposite sign to that in 1)2.17)1 . The mode 
expansion gives the algebra (J2.19)) with k —>■ —k and the corresponding first class gauge 
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generator G + [A] = A" K +a o leads to right chiral transformations 5 + g = X+g, which are 
the infinitesimal form of 

g^n+(x + )g, (2.29) 

where Q + = e A+ ~ 1 + A+. The constraints K +a commute with K^. Both results 
()2.25|) and ()2.29|) are independent gauge symmetries of the action. This means that the 
action (j2.12|) is invariant under the chiral transformations f!2.7|) generated by K +aQ acting 
from the right, and K_ a0 acting from the left. The modes K± an , n ^ 0, are not the 
generators of local symmetries (they are second class constraints), and they lead to the 
central extensions ±4/c in the corresponding KM algebras. 

b) Global symmetries 

Choosing the space-time coordinates as r = x~ and a = x + , the infinitesimal chiral 
transformations ()2.7|) of g G G take a form 

S ± g = X+{a)g-gX-(T) , (2.30) 

with the Lie-algebra- valued parameters A± = A^_G a or, in terms of the local fields q\ the 
transformations become 

5 ± q l = -X a + (a) El - X a _ (r) E\ . (2.31) 

Therefore, right chiral transformations, given by the time-dependent parameter A_ (r), 
lead to local symmetries of the WZW action. It is already shown that these symmetries 
are generated by the first class constraints K^ a o ~ 0. 

On the other hand, left chiral transformations correspond to global symmetries of the 
action, since they are given by infinite number of time- independent parameters A + (er). 
Conserved charges corresponding to these global symmetries are obtained from Noether 
currents, 

J a + = Ak (gd + g- l ) a = AkEtd^ , (2.32) 

and they do not vanish on the constraint surface K_ a = 0. 

In order to find the current algebra, it is convenient to introduce a Dirac bracket (DB) 

as 

{M, N}* = {M, N} - W K -an} Al {K„ bm , N} , (2.33) 
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where A^ m = SlT ] kn g ab 5 n+m fl (n, m ^ 0) is the inverse of the PB matrix of second class 
constraints K_ an (n 7^ 0), given by Eq. (|2.21jl . Then it can be shown that the currents 
J" satisfy the KM algebra with the central charge 4k, 

{J +a (x) , J +h (x')}* = f ab c J +c (x) 5 (a - a') + 4k g ab dj (a - a') . (2.34) 

Similarly, choosing r = x + as canonical time, there are Noether currents J_ = 
4k g~ l d^g, corresponding to the right chiral symmetries as global symmetries of the WZW 
model. The currents J" satisfy a KM current algebra with the central charge —4k. 

2.3 Virasoro algebra 

WZW theory is also invariant under conformal transformations, or diffeomorphisms — > 
x'^^x) which change the line element by a scale factor at each point of space-time, 

ds' 2 = g'^ (x') dx'^dx' u = A (x) g^ (x) dx^dx v = A (x) ds 2 . (2.35) 

Conformal transformations have the form of chiral and antichiral mappings x + — > f + (x + ) 
and x~ f_(x~), and their generators are the light-cone components of the energy- 
momentum tensor T ++ (x + ) and T (x~), which is traceless (T£ = 2T + _ = 0). They 

satisfy two independent Virasoro algebras, 

[T(x),T(y)} = - [T(x) + T{y)]8\a x - a y ) - ^5"'(a x - a y ) , (2.36) 

without central charge (c = 0) in a classical theory, or with central charges c = Co and 

c = —Co (for T ++ and T respectively) in the quantum case. (The normalization of c 

is adopted from string theory.) The appearance of the Schwinger term in the quantum 
Virasoro algebra is called a quantum anomaly, but it can appear in a classical theory as 
well [29 . The physical meaning of c 7^ in a classical theory is the breaking of confor- 
mal symmetry by the introduction of a macroscopic scale into the system (by boundary 
conditions, for example). 

The Fourier modes of the Virasoro generators, L n (n 6 Z), in a compact space with 
period L, are given by 

L 

Ln = ^~. [ doT{o)e^ n °, (2.37) 
Ltxi J 
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where = L_ n for unitary representations. They obey the well-known commutation 
rules 

[L n , L m ) = (n - m)L n+m + — 2m n 3 5 n+mfi . (2.38) 

This algebra contains a finite subalgebra, generated by L , Lx}, associated to global 

conformal invariance. 

Conformal symmetry does not arise in the Hamiltonian analysis because it is not an 
independent symmetry. Virasoro generators can be expressed in terms of KM currents as 

[nmini! 

T — = ~^ gabJ - aJ - b ' 

T ++ = --^g ab J +a J +b , (2.39) 

and they represent the light- cone components of the energy-momentum tensor. Conformal 
invariance leads to T_ + = 0. In terms of the Fourier modes, the relations (J2.39J) become 

L± n = Z F g~jZ '^2 l 9 ab J±amJ±b(n-m) ■ (2.40) 

ra&L 

The observation that the energy-momentum tensor is a bilinear in the currents, is 
used to construct them using the procedure of Sugawara [7IJ[72|. More precisely, for a 
given KM algebra, there is always a Virasoro algebra, such that they form a semi-direct 
product 

[L n , J am ] = 2m J a{n+m ) , [L n , K] = , (2.41) 

where K is the central extension of the KM algebra. More about Virasoro and KM 
algebras in the conformal filed theory can be found in Refs. |73j-|76j. 



2.4 Gauged WZW model 

The two-dimensional WZW model is closely related to a three-dimensional Chern-Simons 
(CS) theory whose dynamical field is a Lie-algebra-valued 1-form, A = A a G a . Definition 
of the CS Lagrangian comes from the Chern character, 

P(A) = (F 2 ) = g ab F a F\ (2.42) 
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where F = dA + A 2 is the field-strength 2-form associated with the gauge field A. Since 
the Chern character is a closed form (dP = 0), on the basis of algebraic Poincare's lemma 2 , 
it can be locally written as the exterior derivative of a 3-form, called the CS form, which 
defines the CS Lagrangian as dLc$ (A) = kP (A). Then the CS action is given by 

J cs [A] = J L cs (A) = k f (aF - l - A 3 ^ , (2.43) 

B B 

where B is a three-dimensional manifold (not necessarily without a boundary). 
Under finite gauge transformations 

A* = g(A + d)g- l = g(A-V)g- 1 , (g e G) , (2.44) 

the field-strength transforms homogeneously (F 9 = gFg~ l ), the Chern character is invari- 
ant and the CS Lagrangian changes as Lq S = Lqs + where u is a closed form (du = 0) 
which need not be exact for nontrivial topology of B. Explicitly, under the finite gauge 
transformations, the CS action changes as 



I cs [A 9 ]-I cs [A]=a[A,g] , (2.45) 

where 

a[A,g] = -k J (AV) + J <V 3 > . (2.46) 

M=dB B 

The last term is recognized as the Wess-Zumino term. The functional a [A, g] satisfies the 
so-called cocycle equation, or Polyakov-Wiegmann identity [77], 

a[A 9 ,h] -a[A,gh] +a[A,g] = 0, (g, h e G) . (2.47) 

Any quantity which satisfies the above equation is called Wess-Zumino term, or anomaly, 
and it describes the non-invariance of the quantum theory under a classical gauge sym- 

2 Poincare lemma states that any closed form P (A) can be locally written as exact form da (A). The 
algebraic Poincare lemma guarantees that a differential form a (A) is a local function of A (depending 
on finite number of derivatives dA, d 2 A, . . .). 
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metry. 3 Any other object of the form j3 [A 9 ] — (3 [A] also satisfies the cocycle equation. 
Since (A 2 ) = 0, a natural nontrivial possibility for (3 is 



(3 [A] = a J (* AA) (bgR), (2.48) 



M 

where *A is a Hodge-dual field. With this choice, the action which satisfies the cocycle 
equation ()2.47|) . and therefore describes the anomaly of a classical theory, is 



-fcwzw [A, g] — Avzw [g] + 2a J (*AV) + k J (AV) , 



(2.49) 



M M 

and is called the gauged WZW action. More about this model and its quantization can 
be found in Refs. [IH1 d EES EB] • 



2.5 Super symmetric WZW model 

The supersymmetric generalization of the WZW model is defined in (1, 1) superspace 
parametrized by four real coordinates z A = (x^,8 a ), where x M (// = 0, 1) are local coor- 
dinates on a two-dimensional space-time with the signature (— , +) , and 9 a (a = +, — ) 
is a Majorana spinor. 4 The super Wess-Zumino-Witten (SWZW) model is given by the 
action [131101, 

/swzw [g] = -k J d A z (DS^DS) - y j ' d A z (s ] SDS ] ^DS^ , (2.50) 

where k is a positive dimensionless constant, S is a matrix superfield, (• • • ) stands for 

a supertrace and D a = B a + i ( r y m 0) a d m is the supercovariant derivative defined in the 

tangent Minkowski space with coordinates x m (m = 0, 1), where d m = d/dx m and d a = 

d/d0 a . The 7-matrices 7 m satisfy the Clifford algebra and 73 = «7°7 1 . Integration is 

3 The CS action (|2.43(l plays the role of an effective action for a theory with matter fields <fi, whose 
quantum theory is described by the functional integral 

Z = J [dA] e lIcs[A] = J [dA] [#] e il0 ^ , 

where the classical action is invariant under gauge transformations, Io [<fi 9 , A 9 ) = Iq [(f), A] , while the 

measure has the anomaly [d(j)] 9 = [d(f>] e"*[ A,9 >. 

4 Thc notation (1, 1) refers to the superspace with two Grassmann odd variables (8 + , 6 ). 
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carried out over the superspace variables, where d A z = d 2 xd 2 6 and basic integrals for 
Grassman odd numbers are J d6 = and J d66 = 1. All conventions and representations 
are given in Appendix [BJ 

The supermatrix S is expanded in the superspace as 

S = g + i6^+ l -99F, 

& = g ] + 16ft + -66 F f . (2.51) 
Supposing, for simplicity, that S is unitary (SS^ = 1), one obtains 

J = g~\ 

ft = -gW, (2-52) 
F ] = ~g ] Fg ] - ig^gtyg* , 

where the identity 6ip 6ft = —\ 66 ijjft, valid for Majorana fermions, is used. The 
equations of motion obtained from the action ()2.5()j) are 

D (S^ + DS) = , (2.53) 

where 7* = | (1 ± 73) are projective 7-matrices. 

In order to be convinced that this model is indeed a supersymmetric extension of 
the WZW model (j2.1j) . the action (|2.50J) can be written in components and the Berezin 
integrals over Grassman variables are performed. Then, 

/swzw [S] = /wzw [g] + +If [g, ^} + If [g, ip, F] , (2.54) 

where the bosonic sector /wzw [g] is the WZW action (j2.1|) with a = k, and the additional 
terms demanded by the supersymmetry are 



I { [g,ft = -ik J d 2 x (ft {9 + \ 73^) r . )P)) 
I F [g,ftF] = kjd 2 x(F^F-lft 1 ^{F^g-g^F)), 

where (]) = 7^(9^. The matrix field F is auxiliary (it does not have a kinetic term in Ip) 
and it can be integrated out by means of its equations of motion, 

F = ~ g (ftip + \ ftj 3 ip j . (2.56) 
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Putting the solution for F, given by ()2.56j) . into the action Ip [g,ip,F] , and after using 
the Fierz identity for Majorana fermions, 

((^) 2 +(^t 73 ^ = , (2.57) 

one obtains that this action vanishes, 

I F \g,^,F{jg,^)]=Q. (2.58) 

Although the fermions ip in If are, in general, interacting, after making the following 
reparametrization 

X = g ] i + ^ + 1'^9 ] , (2.59) 
the fermionic action reduces to the action of a free fermion 

h \x\ = If [9, V>] = - y / d 2 x (0x) , (2.60) 

and the fermions are completely decoupled from the WZW term. With the reparametriza- 
tion (|2.59|) . the superfield S is factorized as: 

S = (l+i6 + x-)g(l-ie-x+) • (2.61) 
Equations of motion. The classical equations of motion following from the action 

^swzw [S] = Avzw [g] + Io [x] (2-62) 
lead to the general solution in light- cone coordinates: 

g (x + , x~) = g- (x~) g+ (x + ) , (2.63) 

and for fermions 

X+ = X+ , X- = X- {x~) , (2-64) 

giving the factorization of the superfield as 

s(x + ,x-,e + ,eJ) = S- (x-,e+) s + (x + ,0_) , (2.65) 

with the factors: 

5_ = (1 + i9 +X ) g-, S+ = g+{l- i6_ x+ ) • (2.66) 
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Local symmetries. The general form of solutions ()2.63l - 12.66)1 implies that the 
SWZW model possesses: 

(i) KM or chiral symmetries G®G, where the components of the superfield transform 
under (x~) and Q + (x~), with = = 1, as 

g -> ti^gM^ 1 , 

x- - n-x-n: 1 , ( 2 - 67 ) 

(m) The supersymmetry partner of the local KM transformations is an additional 
invariance, with local parameters Majorana spinors 77+ and 77_ (x~), where the fields 
transform as 

$9 = 0, 5x± = ^±- (2-68) 

(ra) The action is, by construction, also invariant under the conformal supersymme- 
try transformations which change the line element of the superpace ds 2 = dl + di~ (where 
di = dx ± — d6 ± 6 ± ) by a scale factor: ds' 2 = Qds 2 . The fields change under supercon- 
formal transformations as 

5 e g = ieip , 

5 e i) = ($g + tg^ + ^)e, (2.69) 

where the local parameter e is a Majorana spinor satisfying the constraint ^7 M e = 0, that 
has the solution e ± = 7 ± e = e ± (x^) . The supersymmetry transformations ()2.69jl imply 
the following transformations of g and \ in components: 

S e g = i (t + x~g - ^9X + ) , 

5 eX + = (g^d + g + i X+ X+)e-, (2-70) 
8eX~ = (gd-g 1 + ix-x-) e+ - 

Similarly to the non-supersymmetric case, it is possible to find the chiral supercurrents 
which close two independent super KM algebras. The generators of the superconformal 
transformations, i.e., the group invariants of the supercurrents which can be obtained 
by a generalized Sugawara construction, close two independent super Virasoro algebras 
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without central charges. The details of this analysis can be found in Ref. [75]. Those 
algebras will be constructed in the next chapter following a different approach, in the 
context of the SWZW model coupled to supergravity. 

The general form of a super Virasoro algebra has two central charges c and c which 
commute with all generators. The infinite set of super Virasoro generators L n (n G Z) 
and G r (where r e Z for the Ramond sector [HI], while r e Z+i for the Neveu-Schwarz 
sector jHSIHSl), obey the following ( ant i) commutation relations: 

[L n , L m ] = {n — m) L n+m + — n [n 2 — l) 5 n + m ^ , 

[G r ,L n ] = (r-^G^, (2.71) 

{G r , G s } = 2L r+s + — ^r 2 — -J 5 r + Sj o • 

The Ramond and Neveu-Schwarz sectors correspond to two different periodic conditions 
of fermions, 9 (e 2m z) = 9 (z) or 9 (e 2m z) = —9 (z) . In the Neveu-Schwarz sector, the 
five generators L , Li, G-1/2, ^1/2} form a closed subalgebra osp (1 12), while in the 

Ramond sector a closed subalgebra does not exist. 
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Chapter 3 

Supersymmetric WZW model 
coupled to supergravity 

The extension of the WZW model has been studied with rigid supersymmetry [7H1 ISO] , 
and with local supersymmetry [H3J |HSJ IHH1- The models were constructed and analyzed 
using Lagrangian formalism in both superfield and component notations. In the previous 
chapter, it is shown that in a case of global supersymmetry it is possible to choose the 
fermionic field such that fermions are completely decoupled. 

In this chapter, supersymmetric WZW model coupled to two-dimensional supergravity 
will be constructed [01] as a theory which appears as a Lagrangian realization of the super 
Virasoro algebra. In the Hamiltonian formalism, the components of the metric tensor 
and Rarita-Schwinger field appear naturally as Lagrange multipliers corresponding to the 
constraints satisfying the super Virasoro PB algebra. Similar approach has been used to 
find a diffeomorphisms invariant action for the spinning string [87]-|89j. 

3.1 Super Virasoro generators 

The Hamiltonian formalism (see Appendix [A} will be used to construct an action invariant 
under the gauge transformations for a given algebra of the group G. Consider a PB 
representation of the algebra in the form 

{0r,M = /r/0P> (3-1) 
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whose elements (f) r are functions of the coordinates q l and their conjugate momenta pi. 
By definition, <fr r are first class constraints, and the canonical Hamiltonian is assumed to 
be zero (there are no local degrees of freedom). Then, the canonical action 

I[q,p,u) = J dt {pitf-vT^r) (3.2) 

is invariant under the gauge transformations generated by the first class constraints <p r . 
Any phase-space function F(q,p) changes as 

S e F = {F,eT<f> r }, (3.3) 

and the Lagrange multipliers u r transform as 

5 e u r = e r + f ps r u s e p . (3.4) 

The multipliers will be identified as gauge fields, later. 

A similar approach has been used for the construction of the action for W-strings 
propagating on a group manifold and on curved backgrounds [H21 and also for two- 
dimensional induced gravity [HI] . The covariant extension of the WZW model with respect 
to an arbitrary internal group has been obtained in [HE] and with respect to the SL(2, K) 
internal group and diffeomorphisms in j^Ol EH], by the same method. Here, the last 
approach will be supersymmetrized. 



Super Kac-Moody algebra. The representation of the supersymmetric KM alge- 
bra will be constructed starting from the known bosonic KM sector. The field g G G is a 
mapping from a two-dimensional Riemannian space-time Ai to a semi-simple Lie group 
G, parametrized by local coordinates q l , g = g(q), and generated by the anti-Hermitean 
generators G a closing a Lie algebra with structure constants / ab c . Two Maurer-Cartan 
(Lie algebra valued) one-forms can be defined, A + = g~ l dg and A_ = — gA + g~ l = gdg~ l , 
whose expansions 

A + = dq l E a +i G a , A_ = G a , (3.5) 

define vielbeins (q) on the group manifold, with inverses E± a (q) (E^E^ = b\ and 
E ±i E ib = $b)- Th e Killing metric is g ab = \ (G a G b ) = \ fjfj. The metric To - (g) in the 
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coordinate basis does not depend on the choice of the Maurer-Cartan form, 

ll3 = E a +i E b +j g ab = E% E b _j g ab , (3.6) 

and has the inverse r y lJ (g). The forms <(A+) 3 ) and <(A_) 3 ) are closed, and can be locally 
written as 

\ ((A ± ) 3 ) = -6dp, (3.7) 

where p = ~ pij dq l dq l is a two-form, independent on the choice of A + or A_. Rewriting 
in components, the expressions ()3.7|) leads to the identities 

±- fabc E^E^E^ = diPjk + djPki + dkPij • (3.8) 

Choosing the canonical representation of (bosonic) KM currents in 2D Minkowski 
space-time = (r, a) {p = 0, 1) is the form (l2~T3l and (l2~2TJ) [701 E3 |H1 , one has 

j±i =Pi + k LU ±ij d a q J , (3.9) 

where the momentum-independent part is 

u±ij = Pij ± - lij ■ (3.10) 

The basic PB are {q l (x) ,pj (x')} = 5j 5 (a — a') , so that PB of currents ()3.9|) close two 
independent KM algebras of the group G, with the central charges ±k, 

{j±a (x) ,j± b (x')} = fjj± c (x) 5 (a- a') ± kg ab d a 5 (a - a') , (3.11) 

where j± a = —E l ±a j ±i and {j +a (x) ,j_b(%')} = 0. From now on, the 5-function will be 
denoted as 5 = 5 (a — a') , always when its argument cannot be confused. 

In order to supersymmetrize this algebra, the fermionic fields x± a are introduced. 
Because the fermionic part of the Lagrangian should be linear in the time derivative, there 
always exist second class constraints S± a = n± a — ik x± a w 0, linear in the coordinate x±a 
and in the corresponding canonical momenta Tr± a . The Dirac brackets for the fermionic 
fields are {x±a,X±b}* = ~j^9ab^, while for the bosonic currents j± a , they remain the 
same as the PB. So, one can start from the relation (|3.11|) and 

{X±a, X±b} = 9ab 5 , (3.12) 
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where, from now, the star can be omitted for the sake of simplicity. Note that in both 
bosonic and fermionic cases all quantities of opposite chiralities commute. 
It is easy to check that bilinears in the fermionic fields 

j± a = -ik f abc x±X± (3-13) 
satisfy the KM algebra without central charges and have nontrivial brackets with x±bi 

{]±a,]±b} = fabJ±c5, 

{j±a,X±b} = fabX±cS. (3.14) 

Therefore, using j± a , the new currents can be introduced, 

J±a=j±a+J±a, (3.15) 

such that KM algebras remain unchanged, and which, with its supersymmetric partners 
X± a , satisfy two independent super KM algebras: 

{■J±a,J±b} = fj J± c S±kg ab d a 8 , 

V±a,X±b} = fabX±cd, (3.16) 
1 

{X±a,X±b} = ~^9ab^. 

A super KM current is defined as 



I ±a (z) = V2kx± a (x) + 6 T J ±a (x) , (3.17) 

where 6 a (a = +, — ) is a Majorana spinor, and four real local coordinates z M = (x M , 6 a ) 
parametrize (1, 1) superspace. Then the algebra (|3.16j) can be rewritten in the form 

{I±a(zi)J± b (z 2 )} = 6 ±12 f ab c I ±c (z 1 )-^g ab D ± 6 ±l2l (3.18) 

where D ± = ^i6 T -j^ is the super covariant derivative, while <5_|- 1 2 = (0±i — 0±2)5{a\ — 
a 2 ) is a generalization of the Dirac 5-function to the super 5-function. Derivatives are 
always taken over the first argument of 5-functions. Superspace notation is given in 
Appendix El 



25 



Super Virasoro algebra. The next step is to construct a super energy-momentum 
tensor as a function of the super KM currents, which is a group invariant. Up to the third 
power of I± a , there are only two group invariants 

T±i = 9a b D ± I a ± I h ± , X ±2 = if ahc I a ± I h ± I c ± , (3.19) 

because g a bl±l± is identically equal to zero (since super currents are odd variables). 
Therefore, the super energy-momentum tensor is looked for in the form 

T ± = a ± I ±1 +P ± I ±2 , (3.20) 

where the requirement for the superalgebra closure determines the ratio of coefficients a± 
and (3±. In components notation, one has 

T± = TG ± + T L ±1 (3.21) 

where L± is the bosonic part which closes in a (bosonic) Virasoro algebra, while G± is 
its supersymmetric partner. The explicit expressions can be found from the expansions 
of the invariants: 

x ±1 = V2kr ± xa + e T {j a ± j ±a T2ik 2 d a x a ±x±a) , 

i ±2 = 2 i k 2 (V2kf abc r±xir± + 39 T f abc r±x b ±J c ±) . (3.22) 

The simplest way to find the coefficients in ()3.20|) is to use the fact that for every super 
KM algebra there is a super Virasoro algebra such that they form a semi-direct product, 
Eq. (|2.41j) or, in another words, that PB of a Virasoro generator and a current, gives a 
current. Therefore, it is easy to see that 

{G±, X±a} = J± a S ± V2k (a ± - 3i(3 ± k) , (3.23) 

and the r.h.s. of ()3.23j) closes on currents only if the last term vanishes. Therefore 

?± = -3ik, (3.24) 
a± 

and the super energy-momentum tensor is normalized as 

T ± ee T ±- (g ab D ± P ± I b ± + f abc I«I b ± I^j , (3.25) 
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where the bosonic part is 



L± = T 1 ^(JlJ±a±2ik 2 r±d«X±a + 2 i kf abc x a ± xlJ c ±) , (3.26) 
while its supersymmetric partner is 

G± = ^J a ±X±a + ^fabc Xlxlxl • (3.27) 
It is useful to express ()3.26|) and ()3.27|) in terms of commuting quantities j± a and x±a- 

L± = j±j± a - ik x±daX±a , 

G± = ^Jlx±a-^fa bc x a ± xix c ± . (3.28) 

Using the super KM algebra (|3.16|) . the following brackets between the components of 
energy-momentum tensor and currents are obtained, 

{L±, J± a } = - J ±a d a 5 , {G± } J± a } = ±X x±a dj , 

V (3.29) 

{L±, X±a} = \ (d a X±a 8 ~ X±adJ) , {G±, X±a} = ~l^f% J ±a 8 , 

as well as the brackets between the components of energy-momentum tensor themselves 

{L±,L±} = -(d a L ± 5 + 2L ± dJ) = -[L ± (x)+L ± (x')]dJ, 
{G ± ,G ± } = ±\L ± 8, 

{L ± ,G ± } = -~(d a G ± 8 + 3G±dJ), 

{G±,L±} = -~ (2d a G±5 + 3G ± dJ) . (3.30) 
In terms of the super fields, instead of ()3.29|) one has 

{T±(z 1 ),I± a (z 2 )} = ± t - {D ± I ±a D ± 5 ±12 + I ±a D ±2 5 ±12 ) , (3.31) 
and instead of ()3.30|) 

{T±(z 1 ) } T±(z 2 )} = ± t - (2D ±2 T ± 8 ±12 + D ± T ± D ± 5 ±12 + 3T ± D ±2 5 ±12 ) ■ (3.32) 
This is a supersymmetric extension of the Virasoro algebra without central charge. 
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Since L± and G± are the first class constrains, one can apply the general canonical 
method to construct a theory invariant under diffeomorphisms generated by L± and 
under local supersymmetry generated by G±. It is known that, in the bosonic case, 
the similar approach leads to a covariant extension of the WZW theory with respect to 
diffeomorphisms [001 ESj , thus here one expects to obtain covariant extension of WZW 
theory with respect to local supersymmetry. 



3.2 Effective Lagrangian and gauge transformations 

In order to construct a covariant theory, one uses the generators 



L + , G_, G A 



(3.33) 



as first class constraints, with the explicit expressions given in equations ()3.28|) . and the 
PB algebra ()3.3()|) instead of the equation (|3.1j) . 

The action. According to (|A.1J) . the canonical Lagrangian is introduced as 



L = tfpi + ik x a + x+a + ik X-X-a -h L_- h+L+ G_ - iip + G^ 



(3.34) 



with multipliers u r = (h~ , h + Note that, on Dirac brackets, the second class 

constrains are zero (S± a = 0), giving the Grassmann odd momenta as n± a = ikx±a- The 
remaining momentum variables can be eliminated by means of their equations of motion, 



P' 



k 



h- -h 

where x± — E± a x±- On the equations of motion (|3.35|) . the currents (|3.9|) become 



(3.35) 



J±- 2 



d±q l + 



V 7 ^ 



(3.36) 



so that the Lagrangian ()3.34|) can be written as a sum of three terms 



L — Lwzw + L{ + L int 



(3.37) 
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which have the form: 

Avzw = -^V^g^-ijd-q'd+q 1 , 

U = -ikV=§ (x a +D-X +a + X-D+X-a) , (3.38) 

Here, Lwzw and Lf are the WZW and fermion Lagrangians respectively, covariantized in 
super gravitational fields g^ u and ip ± , while L [nt describes the interaction between bosonic 
fields q % and fermionic fields x±i- The tensor g^ u is introduced instead of variables (h + , h~) 
(see Appendix IUJ) 

1 / -2h + h- h + + h~\ 

*<- s -i( k+ + fc - -2 ]• (339) 

Covariant derivatives, acting on fermionic fields x± ; are defined by 



D T XI = d T xl + h^xlxl ± tJt X a T , (3-40) 

6y/—2g tig 



where d± = £^±8^, and e^± are also given in Appendix. 

Local symmetries. The general canonical method provides a mechanism to write 
out gauge symmetries of the Lagrangian ([3.37)1 . Instead of relations (|3.3jh with the help 
of ([3.28)1 . the following gauge transformations of the fields are found, 

1 i 

Sxl = -e ± d 1 x a ± - 1 -(d 1 e ± )r ± -^V ± J a ± , (3-41) 
and instead of f|3.4() using ([3.3U)1 . one obtains the gauge transformations of the multipliers, 

Sh* = doe* + h^dxe^ - e ± d x h ± ± , 

8^ = - if^dxe* - (d^) e ± + d rf + h+dxrf - - (d^) rf . (3.42) 

The bosonic fields e and the fermionic fields 77 are the parameters of diffeomorphisms 
and local supersymmetry transformations respectively. 
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3.3 Lagrangian formulation 

It turns out that the Lagrangian (|3.37|) is invariant under the following rescaling of fields 
by two arbitrary parameters F(x) and f(x): 

e± _> P ± = e F±f z± 
° M — fx i 

^ - ^ W = ^ | e-|^3/) V; ± ) (3.43) 



As a consequence, one has: 



2F / ~ 

-9 = e \f-9i 



(3.44) 

In terms of the rescaled fields, the rescaled Lagrangian has the same form as the original 
one 

L = I/WZW + X'f + ivi n t , 



(3.45) 



L f = -ik^g (x^D-X+a + X- D +X-a) , 

Lint = % [V'-C-jX+iS+ff* + ^+(+)X-^-9*] , 
where the covariant derivative acts on x± as 

D T X^ = <9 tX ± + ^ / a ^ T(T) xix c ± T \ rl>+Ml>-H *t ■ ( 3 - 46 ) 

Note that the term with derivatives over F and / vanishes because of nilpotency of the 
field x±- 

The introduction of the new fields F and / gives additional gauge freedom to the 
Lagrangian (|3.45j) . As a consequence of the transformation S\F = A, the Lagrangian 
becomes invariant under the local Weyl transformations 



5 A e ± fl = Ae z 



n ■ 



6 A i/> ±{±) = -|A^± (± ), (3.47) 
5 AX % = -|Axi, 
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while all F independent fields remain Weyl invariant. Furthermore, the Lagrangian (|3.45jl 
does not change under the local Lorentz transformations 



^e ± A1 = , 

<W>±(±) = ±f^±(±), (3-48) 
5 eX % = ±^X a ±, 

which are generated by the transformation Sff = —I. The vielbein e ± (U transforms as a 
Lorentz vector, the fields V'ifi) an d X± transform like components of a spinor field with 
the spin | and \ respectively, while all / independent fields are Lorentz scalars. 

The Lagrangian ()3.45j) depends only on two components 4>±(±) °f the Rarita-Schwinger 
spinor field ip^a = e a p^ a (a)- It means that there is also the additional local super Weyl 
symmetry 

<^±(=f) = ±C± , (3.49) 

where £ a is an odd parameter. All other fields are super Weyl invariant. Transformations 
(13.47)) - 1)3.49)1 can be written in a covariant form, 



Lorentz: 


S t e% = 




hip? = 




hx a 


= \h^x a 


Weyl: 


5 A e% = 




#aVv = 




$AX a 




super Weyl: 


h** = 


0. 


h^v = 


7mC, 


kx a 


= 0, 



where 7 M = e a ^ a . The representation of the 7-matrices is given in Appendix O Note 
that the fields e 1 ^, ijj and \±i introduced in the Hamiltonian approach are Lorentz, Weyl 
and super Weyl invariants. 

The fields F and / do not enter the original Lagrangian ()3.37j) but are introduced by 
the rescaling of fields ()3.43)) . Thus their change under diffeomorphisms and supersymme- 
try transformations cannot be found just applying the general Hamiltonian rules (J3.3j) . 
(|3.4|) . They are introduced in such a way that the new fields e a M and ifj^ a have proper 
Lorentz, Weyl and super Weyl transformations. Now, one demands that e a M transforms 
like a vector and ip^a transforms like a Rarita-Schwinger field under general coordinate 
transformations with a local parameter e^{x) and under M = 1 supersymmetric transfor- 
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mations with a local spinor parameter ( a (x). It means that (see for example |97] ) 

5% = -e'd^-^d^ + ^V^, (3-51) 
where V M C — e a M V ' a ( and V a C = (<9 a + |75^ a ) C Writing out in components, it gives 
6{F±f) = ^die -dxe 1 -e' 1 d ll {F±f)±ie- ( - F± ^C T ^ lT , 
5h± = doe 1 - ^(doe - d^ 1 ) - Q^fd^ - e^k* T | e'^^C,^ , 
5ijj± = [i d^e 1 - h ± e°) + \ {8^)6° - d e° - h ± d 1 e°] ^ - e^d^ , 
+ (d + frtft - \ d 1 h ± ) {( T e--2 (**/>) + J Ct^±(t)^ ± , 

(3.52) 

where ip T = 2e~^ F=F ^ ("0o± + ^ T ^i±) m according with (|3.43|) . 

In order to establish the relation between the Hamiltonian and Lagrangian transfor- 
mations one should compare the Hamiltonian transformations (|3.42jl with the Lagrangian 
one, the last two equations of (|3.52j) . One finds that these gauge transformations can be 
identified by choosing the following relation between the gauge parameters 

£ ± = e i _ h ± £ ° ; v ± = 2 ( T e- 1 z ™ - eV ± , 

and imposing the gauge fixing V'±(=f) = 0, because in the Hamiltonian approach all quan- 
tities are super Weyl invariant. Substituting the equations of motion ()3.36|) in (|3.41j) . the 
momentum independent formulation of transformation law of matter variables q l , \± is 
obtained. In terms of the Lagrangian variables and (±, they stand 



8q i 



-efdrf-iVl (C-X+ + C+X 1 !) > 



(3.53) 



In the flat space limit e a M — ► 5^ and — > 0, the Lagrangian 

L = -- u;_ - d-q l d + q J - ik (x\d-X+a + X-^+X-a) 



becomes 



(3.54) 
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and bosonic and fermionic parts are decoupled. The first term is the bosonic WZW action, 
while the second one is the Lagrangian of free spinor fields x±- The Lagrangian (|H.54jl 
describes the M = 1 supersymmetric WZW theory discussed in the previous chapter 

una EH- 

3.4 Conclusions 

Using the general canonical method, the Lagrangian for the super WZW model coupled 
to two-dimensional supergravity is constructed. The basic ingredients of this approach 
are the symmetry generators, which are functions of the coordinates and momenta and 
satisfy the super KM and super Virasoro algebras. The application of the Hamiltonian 
method naturally incorporates gauge fields (the metric tensor and Rarita-Schwinger fields) 
as Lagrange multipliers of the symmetry generators. This method also gives a prescription 
for finding gauge transformations for both the matter and gauge fields. 

The Hamiltonian formalism deals with the Lagrangian multipliers h and ip ± 1 which 
are just the part of the gauge fields necessary to represent the symmetry of the algebra. 
In the Lagrangian formulation, the covariant description of the fields is needed. In order 
to complete the vielbeins e a M , it was necessary to introduce the new bosonic components 
F and /, while for completing the Rarita-Schwinger fields ip^a, the new fermionic fields 
4 j ±(t) are nee ded. The new components are not physical because they do not appear in 
the Lagrangian, but they give additional gauge freedom corresponding to the additional 
gauge symmetries. These are local Weyl and local Lorentz symmetries for the bosonic 
fields F and / respectively, and local super Weyl symmetry for the fermionic field tp^(±)- 
The fields F and / are not parts of the Hamiltonian formalism, so their transformation 
laws under reparametrizations and supersymmetry is found requiring that vielbeins e a M 
transform as vectors, and ip^a transform as a Rarita-Schwinger field. Consequently, the 
complete relation between Hamiltonian and Lagrangian formulations is established. The 
connection between the corresponding fields, gauge parameters and gauge transformations 
is found. In the flat superspace limit, the result of Ref. [75] is reproduced. 
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Chapter 4 

Irregular constrained systems 



In the previous chapters, the Hamiltonian analysis was used to find all local symmetries of 
the WZW model and its supersymmetric extension. The canonical method was applied to 
construct the super WZW action coupled to supergravity, starting from the representation 
of the super Virasoro algebra. 

In general, Dirac's Hamiltonian analysis provides a systematic technique for finding 
the gauge symmetries and the physical degrees of freedom of constrained systems like 
gauge theories and gravity 59J. These theories contain more dynamical variables than is 
minimally requested by physics and, consequently, they are not independent. Therefore, 
in those theories constraints arise as functions of local coordinates in phase space, and 
they are usually functionally independent, at least in the most common cases of physical 
interest. However, there are some exceptional cases in which functional independence is 
violated, when it is not always clear how to identify local symmetries and physical degrees 
of freedom. In this chapter, these irregular systems are analyzed. For the review of the 
Hamiltonian formalism see Appendix 1X1 

4.1 Regularity conditions 

Consider a constrained system on phase space T with local coordinates z n = (q,p) 
(n = 1, . . . , 2N) and a complete set of constraints 
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which define a constraint surface 



S = {z e T | r (z) = (r = 1, . . . , R) (R < 2N)} . 



(4.2) 



Dirac's procedure guarantees that the system remains on the constraint surface during 
its evolution. 

Choosing different coordinates on T may lead to different forms for the constraints 
whose functional independence is not obvious. The regularity conditions (RCs) were 
introduced by Dirac to test this [98]: 

The constraints <p T ~ are regular if and only if their small variations 5<p r evaluated 
on E define R linearly independent functions of 5z n . 

To first order in 5z n , the variations of the constraints have the form 



where J rn = d(p r /dz n \ T: is the Jacobian evaluated on the constraint surface. An equivalent 
definition of the RCs is [911] : 

The set of constraints <fi r ~ is regular if and only if the Jacobian J rn = d<p r /dz n \ i: 
has maximal rank, 3?(J) = R . 

A system of just one constraint can also fail the test of regularity, as for the con- 
straint = q 2 pa in a 2-dimensional phase space {q,p). In this case, the Jacobian 
J = (2q, 0) 2 =0 = has zero rank. The same problem occurs with the constraint q k ~ 0, 
for k > 1, which has a zero of k-th order on the constraint surface. Thus one constraint 
may be dependent on itself, while one function is, by definition, always functionally inde- 
pendent. 

Equivalent constraints. Different sets of constraints are said to be equivalent if 
they define the same constraint surface. This definition refers to the locus of constraints, 
not to the equivalence of the resulting dynamics. Since the surface S is defined by the 

lr This terminology is standard in Hamiltonian analysis although, in general, the set E is not a manifold 
since it can contain discontinuities, be non-differentiablc, etc. 





(4.3) 
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zeros of the constraints, while the regularity conditions depend on their derivatives, it is 
possible to replace a set of irregular 0's by an equivalent set of regular constraints </>. 

In the following sections, the nature of the constraints that give rise to irregularity is 
analyzed, and where the irregularities can occur. 

4.2 Basic types of irregular constraints 

Irregular constraints can be classified according to their behavior in the vicinity of the 
surface E. For example, linearly dependent constraints have Jacobian with constant rank 
R! throughout E, and 

<f) r = J rn (z) (z n -z n )^0, &(J) =R' <R. (4.4) 

These constraints are regular systems in disguise simply because R — R' constraints are 
redundant and should be discarded. The subset with R' linearly independent constraints 
gives the correct description. For example, linearly dependent constraints are clearly in 
this category. Apart from this trivial case, two main types of truly irregular constraints, 
which do not possess a linear approximation in the vicinity of some points of E, can be 
distinguished: 

Type I. Multilinear constraints. Consider the constraint 

M 

= 11^)^0, (4.5) 
1=1 

where the functions f\ have simple zeros. Each factor defines a surface of codimension 1, 

s, = {z e r | fi(z) = 0} , (4.6) 

and E is the collection of all surfaces, E = [J Ej. The rank of the Jacobian of is reduced 
at intersections 

E^E.plE,-. (4.7) 

Thus, the RCs hold everywhere on E, except at the intersections Ey, where <p has zeros 
of higher order. Note that the intersections (|4.7jl also include the points where more than 
two E's overlap. 
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Type II. Nonlinear constraints. Consider the constraint of the form 



<^[/(^)] fc ^0, (fc>l), 



(4.8) 



where the function f(z) has a simple zero. This constraint has a zero of order k in the 
vicinity of £, its Jacobian vanishes on the constraint surface and, therefore, the RCs fail 2 . 
It could seem harmless to replace <f) by the equivalent regular constraint f(z) m 0, but 
it is allowed to do only if it does not change the dynamics of original system, what is 
discussed below. 

Types I and II are the two fundamental generic classes of irregular constraints. In 
general, there can be combinations of them occurring simultaneously near a constraint 
surface, as in constraints of the form = [f^z)] 2 f 2 (z) 0, etc. 

4.3 Classification of constraint surfaces 

The previous classification refers to the way in which approaches zero. Now it is going 
to be discussed where regularity can be violated. 

The example of q 2 ~ showed that only one constraint can be irregular, even if, as a 
function, it is functionally independent. This is possible since functional independence of 
the functions (p r (z) permits the Jacobian dcff /dz 1 to have rank lower than maximal on a 
submanifold of measure zero, 



while the constraints r ~ have the Jacobian evaluated at the particular surface S. 
Their intersection 



defines a submanifold on E where the RCs are violated, while on the rest of X the RCs 
are satisfied. 

Thus, barring accidental degeneracies such as linearly dependent constraints, one of 
these three situation may present themselves: 

2 Hcre it is assumed k > 1, in order to avoid infinite values for §A on X. 




(4.9) 



Ens 



(4.10) 
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A. The RCs are satisfied everywhere on the constraint surface: The surfaces E and S 
do not intersect and J has maximal rank throughout S. These are regular systems. 

B. The RCs fail everywhere on the constraint surface: E = E is a submanifold of 5 and 

J has constant rank R' < R on E . This irregular system contains nonlinear (type 
II) constraints. 

C. The RCs fail on Eo: The intersection Eo is a measure zero submanifold on E, so that 

3? (J) = R! < R on Eo, while 3? (J) = R elsewhere on E. This irregular system 
contains multilinear (type I) constraints. 

In the last case, the constraint surface can be decomposed into two non overlapping 
sets Eo and E#. Then, the rank of the Jacobian jumps from 3? (J) = R on E_r, to 
3? (J) = R! on Eo and the manifold E is not differentiable at Eo. Although the functions 
<p r are continuous and differentiable, this is not sufficient for regularity. 

For example, a massless relativistic particle in Minkowski space has phase space (g M , p u ) 
with both regular and irregular sectors. The constraint <fi = p^p^ ~ has Jacobian 
J = (0, 2p M )0 =o , and its rank is one everywhere, except at the apex of the cone, p^ = 0, 
where the light-cone is not differentiable and the Jacobian has rank zero. From the 
viewpoint of irreducible representations of the Poincare group, the orbits with p M = 
correspond to the trivial representation of the group, and this point is excluded from the 
phase space of the massless particle (see, e.g., |lU0j ). 

The lack of regularity, however, is not necessarily due to the absence of a well defined 
smooth tangent space for E. Consider for example the multilinear constraint 

(j){x, y, z) = {x- l)(x 2 + y 2 - 1) « . (4.11) 

Here the constraint surface E is composed of two sub-manifolds: the plane U = {(x, y, z) \ 
x — 1 « 0}, and the cylinder C = {(x,y,z) | x 2 + y 2 — 1 ~ 0}, which are tangent to each 
other along the line L — {(x, y, z) \ x — 1, y — 0, z £ M}. The Jacobian on E is 

J = (3a; 2 + y 2 - 2x - 1, 2y (x - 1) , 0)^ =0 , (4.12) 

and its rank is one everywhere, except on L, where it is zero. The constraint <fr is irregular 
on this line. However, the tangent vectors to E are well defined there. The irregularity 
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arises because is a multilinear constraint of the type described by ()4.5|) and has two 
simple zeros overlapping on L. The equivalent set of regular constraints on L is {<pu = 
x - 1 w 0, 4> c = x 2 + y 2 - 1 « 0}. 

4.4 Treatment of systems with multilinear constraints 

In what follows regular systems and linearly dependent constraints will not be discussed. 
They are either treated in standard texts, or they can be trivially reduced to the regular 
case. 

Consider a system of type I, as in Eq. (|4.5j) . In the vicinity of an irregular point where 
only two surfaces ()4.6|) intersect, say Si and S 2 , the constraint <fi « is equivalently 
described by the set of regular constraints 

A«0, / 2 «0. (4.13) 

This replacement generically changes the Lagrangian of the system, and the orbits, as 
well. Suppose the original canonical Lagrangian is 

L(Q, Q, u ) = Pitf - H(q, p) - U(j)(q, p) , (4.14) 

where H is the Hamiltonian containing all regular constraints. Replacing by (|4.13|) . 
gives rise to an effective extended Lagrangian 

Lu(q, Q, v) = p l q l - H(q,p) - v l fx{q,p) - v 2 f 2 (q,p) . (4.15) 

defined on S i2 . Thus, instead of the irregular Lagrangian (|4.14j) defined on the whole 
S, there is a collection of regularized effective Lagrangians defined in the neighborhood 
of the different intersections of SjS. For each of these regularized Lagrangians, the Dirac 
procedure can be carried out to the end. 

This can be illustrated with the example of a Lagrangian in a (2 + N) -dimensional 
configuration space (x, y, q 1 , . . . , q N ), 

L = \lt{i k ) 2 + \ ( yI • ir)- A ''//. (4.16) 

k=l 
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This Lagrangian describes a free particle moving on the set { (x, y, g fc ) G R w+2 1 xy = 0} C 
R N+2 , which is the union of two (N + l)-dimensional planes where x and y vanish re- 
spectively. The constraint surface defined by xy = can be divided into the following 

sets: 

Si = {(x,0,q k ;p x ,py,p k )\x ^0} , 

£ 2 = {(0,y,q k ;p x ,p y ,Pk)\y^0} , (4.17) 
S12 = {(0,0, q k ;Px,Py,Pk)} ■ 

The constraint is regular on £i (J £2, while on £12 it is irregular and can be exchanged 
by {0i = x ~ 0, 02 = y~ 0}. The corresponding regularized Lagrangians are 

1 N 1 

fc=i 

1 w 1 

^ = ^£(9*) 2 + ^ 2 > (4-18) 

fc=i 



£12 = 5 £:(«*)'• 

fc=l 

and the Lagrange multipliers have dropped out, so the regularized Lagrangians describe 
physical degrees of freedom only - as expected. 
The corresponding regularized Hamiltonians are 

1 N 1 

Hi = 2&' + 2^' 

k=i 

1 N 1 

H * = 2^+2^' (419) 
fc=i 

k=i 

which are defined in the corresponding reduced manifolds of phase space (obtained after 
completing the Dirac-Bergman procedure): 

£1 = { (x, 0,q k ;p x ,0,p k )\ x ^ 0} , 

£ 2 = {{0,y,q k ;0,p y ,p k )\y^0} , (4.20) 
£ 12 = {{0,0,q k ;0,0,p k )} . 
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It is straightforward to generalize the proposed treatment when more than two surfaces 
Ej overlap. 



Evolution of a multilinearly constrained system. In the presence of a multilin- 
ear constraint, there are regions of the phase space where the Jacobian has different rank. 
A question is, whether the system can evolve from a generic configuration in a region of 
maximal rank, to a configuration of lower rank, in finite time, and in the case that that 
were possible, what happens with the system afterwards. 

To answer this question, consider the example ()4.16|) for N — 1, 



In the regions Si and S 2 [see Eqs. (j4.17j) ]. the rank is maximal and the free particle can 
move freely along the x- or y-axis, respectively. 
Suppose that the initial state is 



a;(0)=a>0, y(0) =0, z(0) = , x(0) = -v < , y(0) = , z(0) = , (4.22) 



so that the particle is moving on Si, with finite speed along the x-axis towards x = 
on S12. The evolution is given by x(t) = a — vt, y(t) = 0, z(t) = and the particle 
clearly reaches x = in a finite time (T = a/v). What happens then? According to 
the evolution equation, for x < the trajectory takes the form x(t) = a' — v't, y(t) = 0, 
z(t) = 0, however the action would be infinite unless a = a' and v = v'. Therefore, the 
particle continues unperturbed past beyond the point where the RCs fail. So, the irregular 
surface is not only reachable in a finite time, but it is crossed without any observable effect 
on the trajectory. 

From the point of view of the trajectory in phase space, it is clear that the initial 
state (a, 0, 0; —v, 0, 0) lies on the surface Si, and at t — T the system reaches the point 
(0, 0, 0; — v, 0, 0), which does not lie on the surface Si 2 = {(0, 0, z\ 0, 0,p z )}. 

While it is true that at t — T the Jacobian changes rank, it would be incorrect to 
conclude that the evolution suffers a jump since the dynamical equations are perfectly 
valid there. In order to have a significant change in the dynamics, the Jacobian should 
change its rank in an open set. 



L = - (x 2 + f + z 2 



) - Xxy . 
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Degenerate systems. The problem of evolution in irregular systems should not be 
confused with the issues arising in degenerate systems, in which the symplectic matrix of 
regular constraints {<f) r , <f) s } = Q rs (z) is a phase space function which changes its rank at 
t = t. In those systems, it is possible for a system in a generic initial configuration, to 
reach (in a finite time) a configuration where the symplectic form Q rs (z (r)) has lower 
rank, leading to a new gauge invariance which cancels a number of degrees of freedom 

That problem is unrelated to the one discussed in irregular systems and can be treated 
independently. In the irregular case it is the functional independence of the constraints 
that fails; in the degenerate dynamical systems it is the symplectic structure that breaks 
down. 

4.5 Systems with nonlinear constraints 

Consider the case of irregular systems of type II. It will be shown that a nonlinear irregular 
constraint can be replaced by an equivalent linear one without changing the dynamical 
contents of the theory, provided the linear constraint is second class. Otherwise, the 
resulting Hamiltonian dynamics will be, in general, inequivalent to that of the original 
Lagrangian system. 

In order to illustrate this point, consider a system given by the Lagrangian 

L(q,q,u) = ^ ij q i g j -u[f(q)] k , (4.23) 

where k > 1 and 

f(q) = c i q i ^0, i = l,...,N. (4.24) 

Here it is assumed that the metric 7^ to be constant and invertible, and the coefficients 
Q are also constant. The Euler-Lagrange equations describe a free particle in an N- 
dimensional space, with time evolution q*(t) = v l Q t+q l , where u(t) is a Lagrange multiplier. 
This solution is determined by 2N initial conditions, q l (0) = q l and q l (0) = v l subject to 
the constraints c^g = and CiV l = 0. Thus, the system possesses N — 1 physical degrees 
of freedom. 
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In the Hamiltonian approach this system has a primary constraint rr 
preservation in time leads to the secondary constraint 

<t> = [f(q)] k « . 

According to ()4.8jl . this is a nonlinear constraint and there are no further constraints. As 
a consequence, the system has only two first class constraints {vr^O, / fe ~0}, and iV — 1 
degrees of freedom, as found in the Lagrangian approach. 

On the other hand, if one chooses instead of ()4.25|) . the equivalent linear constraint 

f(q)=c i q i paO, (4.26) 

then its time evolution yields a new constraint, 

x(p)=l ij Ci Pj ^0. (4.27) 

Now, since 

{f,x} = l l3 c lCj = \\c\\\ (4.28) 

two cases can be distinguished: 

• If ||c|| = 0, there are three first class constraints, n pa 0, / pa and x ~ 0? 
which means that the system has N — 2 physical degrees of freedom. In this case, 
substitution of ()4.25|) by the equivalent linear constraint ()4.26|) . yields a dynamically 
inequivalent system 3 . 

• If ||c|| 7^ 0, then / pa and x ~ are second class, while n pa is first class, which 
leaves N — 1 physical degrees of freedom and the substitution does not change the 
dynamics of the system. 

Thus, if f k pa is irregular, replacing it by the regular constraint / ~ changes the 
dynamics if / is a first class function, but it gives the correct result if it is a second class 
function. 

3 The expression "substitution of constraints" always refers to two steps: (i) the exchange of a set of 
constraints by an equivalent set, and (ii) the introduction of a corresponding effective Lagrangian of type 

Km . 



= %■ pa whose 

au 

(4.25) 
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Note that in the Lagrangian description there is no room to distinguish first and 
second class constraints, so it would seem like the value of ||c|| didn't matter. However, 
the inequivalence of the substitution can be understood in the Lagrangian analysis as 
well. Suppose that it were permissible to exchange the constraint f k ~ by / ~ in the 
Lagrangian. Then, instead of (j4.23j) . one would have 

L(q, u ) = \ 7»i <f<f - u f(<l) ■ (4-29) 

It can be easily checked that (|4.29jl yields N — 2 degrees of freedom when ||c|| = 0, and 
N — 1 degrees of freedom when ||c|| 7^ 0, which agrees with the results obtained in the 
Hamiltonian analysis. Note that the substitution of f k by / modifies the dynamics only if 
7 4J Cj Cj = 0, but this can happen nontrivially only if the metric 7^' is not positive definite. 

In general, a nonlinear irregular constraint 0^0 has a multiple zero on the constraint 
surface S, which means that its gradient vanishes on E as well. An immediate consequence 
of ~ 0, is that commutes with all finite functions on T, 

{0,F(z)}^O. (4.30) 

As a consequence, ~ is first class and is always preserved in time, ~ . On the other 
hand, a nonlinear constraint cannot be viewed as a symmetry generator simply because 
it does not generate any transformation, 

5 e z i = {z i ,e<t>}^Q. (4.31) 

Consistently with this, <fi cannot be gauge-fixed, as there is no finite function V on V such 
that {(j),V} ^ 0. 

In this sense, a nonlinear first class constraint that cannot be gauge-fixed, cancels 
only half a degree of freedom. The other half degree of freedom cannot be cancelled 
because the gauge-fixing function does not exist and, in particular, it cannot appear 
in the Hamiltonian. Although it allow counting the degrees of freedom in a theory, 
these systems are pathological and their physical relevance is questionable since their 
Lagrangians cannot be regularized. 

When a nonlinear constraint 0^0 can be exchanged by a regular one, the Lagrangian 
is regularized as in the case of multilinear constraints. For example, the system ()4.23j) 
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with ||c|| ^ has Hamiltonian 



H = -l ij PiPj + Xn + uf(q), 



(4.32) 



where / = c^g* will turn out to be a second class constraint. The corresponding regularized 
Lagrangian coincides with L, Eq. ()4.29j) . as expected. 

In Refs. [dTI IU3*j irregular systems of the type II were discussed. It was pointed out 
that there was a possible loss of dynamical information in some cases. From our point of 
view, it is clear that this would occur when / is a first class function. 

4.6 Some implications of the irregularity 

a) Linearization 

It has been observed in five dimensional Chern-Simons theory, that the effective action for 
the linearized perturbations of the system around certain backgrounds seems to have more 
degrees of freedom than the fully nonlinear theory (SHj- This is puzzling since the heuristic 
picture is that the degrees of freedom of a system correspond to the small perturbations 
around a local minimum of the action, and therefore the number of degrees of freedom 
should not change when the linearized approximation is used. 

In view of the discussion in the previous section, it is clear that a possible solution of 
the puzzle lies in the fact that substituting a nonlinear constraint by a linear one may 
change the dynamical features of the theory. But the problem with linear approximations 
is more serious: the linearized approximation retains only up to quadratic and bilinear 
terms in the Lagrangian, which give linear equations for the perturbations. Thus, irregular 
constraints in the vicinity of the constraint surface are erased in the linearized action. The 
smaller number of constraints in the effective theory can lead to the wrong conclusion that 
the effective system possess more degrees of freedom than the unperturbed theory. The 
lesson to be learned is that the linear approximation is not valid in the part of the phase 
space where the RCs fail. 

This is illustrated by the same example discussed earlier ()4.23|) . One can choose as a 
background the solution (q 1 , . . . , q N , u), where (fit) = q l + v l t satisfies the constraint 



erf = 



(4.33) 
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and u(t) is an arbitrarily given function. This describes a free particle moving in the 
(N — l)-dimensional plane defined by (j4.33j) . The linearized effective Lagrangian, to 
second order in the small perturbations s l = q l — q l (t) and w = u — u(t), has the form 

1 2 
(s, w) = - (v l + s l ) (v 3 Q + s 3 )-u (ds l ) , (4.34) 

and the equations of motion are 

s i + T i j (t)s j = 0, (i = l,...,N), (4.35) 

where T l - = 2u Y k CkCj is the eigen-frequency matrix. Since u is not a dynamical variable, 
it is not varied and the nonlinear constraint (qs*) = is absent from the linearized 
equations. The system described by ()4.35|) possesses N physical degrees of freedom, that 
is, one degree of freedom more than the original nonlinear theory ()4.23j) . 

The only indication that one of these degrees of freedom has a nonphysical origin is 
the following: If ||c|| 7^ 0, splitting the components of s % along Cj and orthogonal to Cj as 

s*(t) = s(t)j ij Cj + , (4.36) 

gives rise to the projected equations 

sl = 0, (4.37) 

s + 2u(t)\\c\\ 2 s = 0. (4.38) 

The N — 1 components of s l ± (t) obey a deterministic second order equation, whereas s(t) 
satisfies an equation which depends on an indeterminate arbitrary function u(t). The 
dependence of s = s(t,u(t)) on the background Lagrange multiplier u is an indication 
that s is a nonphysical degree of freedom, since u was an arbitrary function to begin with. 
This is not manifest in Eq. ()4.38|) . where u is a fixed function and, from a naive point of 
view, s(t) is determined by the same equation, regardless of the physically obscure origin 
of the function u. It is this naive analysis that leads to the wrong conclusion indicated 
above. 

Note that a linearized theory may be consistent by itself, but it is not necessarily a 
faithful approximation of a nonlinear theory. 



46 



One way to avoid the inconsistencies between the original theory and the linearized 
one would be to first regularize the constraints (if possible) and then linearize the corre- 
sponding regular Lagrangian. 4 

b) Dirac conjecture 

Dirac conjectured that all first class constraints generate gauge symmetries. It was shown 
that Dirac's conjecture is not true for first class constraints of the form f k (k > 1), and 
following from / ~ jlUl|. HUlZ] . Therefore, for systems with nonlinear constraints, the 
conjecture does not work and they generically provide counterexamples of it pH |ll()9[|ll()j . 

From the point of view of irregular systems, it is clear that Dirac's conjecture fails 
for nonlinear constraints because they do not generate any local transformation, c.f. Eq. 
(|4.31jl . In Refs. [HH ESj it was observed that Dirac's conjecture may not hold in the 
presence of irregular constraints of type II. 

In the case of multilinear constraints, however, Dirac's conjecture holds. The fact that 
at irregular points the constraints do not generate any transformation only means that 
these are fixed points of the gauge transformation. 

c) Quantization 

Although it is possible to deal systematically with classical theories containing irregular 
constraints, there may be severe problems in their quantum description. Consider a path 
integral of the form 

Z ~ J [dq][dp][du] expi [pq — H(q,p) — u<p(q,p)} , (4.39) 

where <p = [f(q,p)] k is a nonlinear constraint. Integration on u yields to 5 (f k ), which 
is not well-defined for a zero of order k > 1, making the quantum theory ill defined. 
Only if the nonlinear constraint could be exchanged by the regular one, f(q,p) ~ 0, the 
quantum theory could be saved. An example of this occurs in the standard approach 
for QED, where it is usual practice to introduce the nonlinear (Coulomb) gauge fixing 

4 There may be also other problems in linear approximation (e.g., when a topology is non-trivial), but 
these cases are not discussed here. 
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term ufdiA 1 ) 2 in order to fix the Gauss law (f) = diir 1 ~ (where it 1 = ^rj 2 -). Since the 
function f(A) = d^A 1 is second class, the substitution of f 2 (A) « by a regular constraint 
/ (A) ~ does not change its dynamical structure. 

The other possibility to quantize a system with a nonlinear constraint is to modify 
the original Lagrangian so that it becomes regular, leading to the the change in dynamics 
as well. This possibility is considered in the Siegel model of the chiral boson |lU3j . whose 
quantum theory is analyzed in |lU4j . 

There are other examples of irregular systems whose quantum theories are discussed 
in the literature. For example, it is shown that for the models of relativistic particles 
with higher spin (s > ~), called systems admitting no gauge conditions, since they contain 
irregular first class constraints, different quantization methods can lead to different phys- 
ical results \ll)b\ llUbj . Other examples of quantum irregular systems are planar gauge 
field theories |lU7j and topologically massive gauge fields (108] . 

4.7 Summary 

The dynamics of a system possessing constraints which may violate the regularity condi- 
tions (functional independence) on some subsets of the constraint surface E, was discussed. 
These so-called irregular systems are seen to arise generically because of nonlinearities in 
the constraints and can be classified into two families: multilinear (type I) and nonlinear 
(type II). 

• Type I constraints are of the form <fi — Ylfi( z )i where possess simple zeros. These 
constraints violate the regularity conditions (RCs) on sets of measure zero on the 
constraint surface S. 

• Type I constraints can be exchanged by equivalent constraints which are regular 
giving an equivalent dynamical system. 

• Type II constraints are of the form <fi = f k (k > 1) where / has a simple zero. They 
violate the RCs on sets of nonzero measure on E. 
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• A type II constraint can be replaced by an equivalent linear one only if the latter is 
second class; if the equivalent linear constraint is first class, substituting it for the 
original constraint would change the system. 

• In general, the orbits can cross the configurations where the RCs are violated without 
any catastrophic effect for the system. If the symplectic form degenerates at the 
irregular points, additional analysis is required. 

• The naive linearized approximation of an irregular constrained system generically 
changes it by erasing the irregular constraints. In order to study the perturba- 
tions around a classical orbit in an irregular system, it would be necessary to first 
regularize it (if possible) and only then do the linearized approximation. 
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Chapter 5 



Higher-dimensional Chern-Simons 
theories as irregular systems 



In this chapter the Hamiltonian dynamics of Chern-Simons (CS) theories in D > 5 is 
analyzed. It is known that regular and generic CS theories are invariant under the gauge 
symmetries and diffeomorphisms [SU EE] , but these theories also possess sectors in phase 
space which are irregular [HE]- Here a criterion for the choice of a regular background in 
CS theories is found, and the implications of the irregularity in CS theories are discussed. 
The dynamics arising at the boundary is not considered here. 

5.1 Chern-Simons action 

A CS theory is one where the fundamental field is a Lie-algebra-valued connection one- 
form A = A a G a , where the corresponding anti-Hermitean generators close a A-dimensio- 
nal algebra [G , Gj,] = f a £G a . The connection field defines a covariant derivative D that 
acts on a p-form u as Duj = duo + [A, u]. 1 

The CS Lagrangian is a (2n + 1) - form such that its exterior derivative (in 2n + 2 
dimensions) is 



dL cs = k g, 




(5.1) 



: A p-form is the object ui = 
given by [oj, f2] = ujQ, — (—) pq £lu>. 



dx ni ■ ■ ■ 



dx 7lp , and the commutator of p-form oj and g-form f2 is 
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Here k is a dimensionless constant, g a ... 0n+a is a completely symmetric, invariant tensor 
(Dg ai ... an+1 = 0) and F =F a G a = dA + A 2 is the field-strength 2-form which satisfies the 
Bianchi identity DF = 0. 

The definition (|5.1|) is based on the fact that the form on the r.h.s. is closed (its exterior 
derivative vanishes due to the Bianchi identity) and therefore can locally be written as 
dLcs- Applying Stokes' theorem to (|5.1|) . the integral of the total derivative becomes the 
integration over the D-dimensional manifold M.£> = dA4o+i without boundary and one 
obtains the integral identity J M dL cs (A) = f M ^ L CS (A). In general, a CS theory is 
defined on an arbitrary (not necessary closed) manifold A4, 



I CS [A) = J L CS (A) 



(5.2) 



M 



Variation of the expression (j5.1j) with respect to the gauge field A a gives (up to an exact 
form) 

5L CS = k(n+l) g aav .. an F ai • • • F a "5A a , (5.3) 

from where, supposing the suitable boundary conditions which give a well defined ex- 
tremum for Iqs, the Euler-Lagrange equations are obtained, 

g aai ... an F a ^--F a - = 0. (5.4) 

Written with all indices, the equations of motion are 



where (fx = 0, 1, . . . , 2n) are local coordinates at M.. 
The CS action possesses the following local symmetries: 

• By construction, it is invariant under general coordinate transformations or diffeo- 
morphisms 

A(x) -> A'(x') = A(x) , (5 € A = -£ 6 A) , (5.6) 

where £^A^ = A% + ^ v d v A a stands for a Lie derivative; 
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• It has an infinitesimal gauge symmetry, 

5 X A = -DX, (5.7) 

since the r.h.s. of ()5.1|) is an explicitly gauge invariant expression. 

Under large gauge transformations, a CS action changes for a closed form. In this 
chapter the local dynamics is analyzed, and all effects arising at the boundary are ne- 
glected. 



5.2 Hamiltonian analysis of Chern-Simons theories 

Here the features of the sectors with regular dynamics of (2n + l)-dimensional CS theories 
are reviewed, where the dimension is larger than three |55j . 

In the Hamiltonian approach, one supposes that the space-time manifold Ai has topol- 
ogy R x a, where a is a 2n-dimensional spatial manifold parametrized by local coordinates 
x % . The CS action ics, defined by ()5.1|) and ()5.2jl . is linear in velocities (first order for- 
malism) and can be written as 



J cs [A] = J d 2n+1 x (C a At - A a oXa ) , (5i 



where 

k 

y = ( n + 1) £ hjl-injn a pat . . . pa n /k q\ 

& a — 2" ^ ' yaai—a n J - il j 1 1 i n ]n ■> 

and e 11 ' " l2n = e 0n "' l2n . The explicit form of C l a is not necessary since it defines the kinetic 
term through the symplectic form Q l ^ b : 



^ab (x, x') 



5C{ (x f ) 6Ci (x) 



5 A* (x) 5 A) (x>) 

(n + 1) e^-^g aba2 ... an F^ 2 • • ■ 5 (x - x>) . (5.10) 



2 

(For derivation see Appendix [0]) This matrix plays a central role in the dynamics of 
CS theories, as it will be seen later. The gauge field Af and its canonically conjugated 



2 The expression for Xa can be obtained directly from (|5.3|l for a special choice of variations 8A a 
SAq dt, and the definition \a = — xpr following from l|5.8|l . 
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momenta ix % a = 5Ics/^M defines the phase space T, with the basic PB 

{AS(x),4W)} = W(x-x') (5.11) 

taken at the same time x° = x'° = t, where 5 (x — x') stands for a Dirac 5-function at the 
spatial section. The field Aq is a Lagrange multiplier. 

Constraints. Constraints in the theory are 



g a = - Xa + AC~o, (5.12) 

where the covariant derivative acts on <f) l a as Difc = difc + fjAfy].. The total Hamiltonian 
is 

H = J d 2n x (-A&a + uWi) , (5.13) 

and it depends on N arbitrary functions Aq and 2nN arbitrary functions w". Constraints 
define the constraint surface E d and they close the following PB algebra: 



K, aU} = 0, {Ga,G b } = fJ0, 

with ^ b (x, x') = (x) 5 (x — x'). The constraints (fi^ and Q a evolve as 



(5.14) 



t H) = n>} - fj^ « n>5 = , (5.15) 
g a « {7r Q °,iJ} = / ab c (^ c -^)^0, (5.16) 

and, therefore, there are no new constraints. The equation ()5.15j) gives restrictions on a 
number of multipliers u l a , depending on the rank of Q^ b . 

Generic theories. The dynamics of CS theories basically depends on the symplectic 
matrix fl l ^ b . This matrix is degenerate for any CS theory, due to the identity (Appendix 


nf b F b kj = -5] X a ^ . (5.17) 
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Therefore, there are at least 2n zero modes of the symplectic matrix, (Vj)" = F°j. 

Among all CS theories based on a gauge group of dimension N, there is a family of 
generic theories for which: 

(a) the zero modes of fl^ b are the 2n linearly independent vectors (Vj)" = F°j; 

(b) there are no other zero modes and the rank of symplectic matrix is the largest, 

U(ft) = 2n(N-l) . (5.18) 

For D > 5, a CS theory cannot be generic on the whole phase space. For example, 
any CS theory possess a pure gauge solution (F = 0) which does not satisfy generic 
conditions (a) and (b). Therefore, a generic CS theory is determined by (i) an invariant 
tensor g ai ... an+1 and (m) a domain, or a sector of the phase space on which the generic 
conditions (a) and (b) are satisfied. This sector can be chosen as an open set around a 
solution A of the constraints x{A) = such that (a) and (b) are fulfilled for F and Cl. 

First and second class constraints. In order to separate first from second class 
constraints, a (non-singular) transformation of 0^ has to be made, which diagonalize the 
symplectic form in (j5.14j) : 

Wi^^O, 9 a = S^^Q, (5.19) 

where a = 1, . . . ,2n (N — 1) . The constraints TCi correspond to the zero modes of 
and satisfy the algebra 

{Hi (x) , Hj (re')} = [Hi (a') dj + H, (x) d t - F%G a (x)] 6 (x - x') , (5.20) 

thus they are first class. Constraints 9 a are second class. The explicit form of the tensor 
S£j is not always possible to find, and the condition 

B (A a/3 ) = 2n(N - 1) , A Q/3 = S^ b S b 0j , (5.21) 

provides that the only non-vanishing brackets on E are 

{6 a ,9p}^A a/3 5. (5.22) 
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Therefore, in a generic CS theory with 2nN dynamical fields A l a , N first class con- 
straints Q a , 2n first class constraints Tii , and 2n (N — 1) second class constraints 9 a , the 
number of physical degrees of freedom is: 

f 2n+ i(N)=nN-n-N, (n, N > 1) . (5.23) 

Local symmetries. A CS theory is invariant under the following local transforma- 
tions: 

• Gauge transformations, generated by 

G [A] = J d 2n x\ a g a , (5.24) 

which act on gauge fields as 

5 x At = {At,G[\]} = -D l \ a - (5.25) 

• Improved spatial diffeomorphisms, generated by 

H[e] = J d^x^Hi, (5.26) 
which change the gauge field as 

6 e AS = {AS,H[e]} = e*F? i . (5.27) 

Local symmetries which are not independent from the above ones, are spatial diffeo- 
morphisms, which differ from improved spatial diffeomorphisms by a gauge transforma- 
tion, 

5^ = -£^A1 = -?F* - A (f A") , (5-28) 
and (improved) time reparametrizations, which change the gauge fields as 

M? = e°F« . (5.29) 

Due to the equations of motion fl^F^ = 0, the vector must be a linear combination 
of zero modes of Q^ b , therefore in a generic theory F^ = C^F^. In consequence, the 
time-like diffeomorphisms can be obtained from spatial diffeomorphisms on-shell through 
the redefinition of local parameter e % = e°C\ 
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Non-generic theories. The above analysis can be easily generalized to degenerate 
(non-generic) theories, in which the symplectic matrix Q^ b has K independent zero modes 

^ b U b pj « , (p = 1, . . . , K) (2n < K < 2nN) , (5.30) 
where K = 2n corresponds to the generic case. Then the first class constraints are 

n p = U^i^0, (5.31) 

which, apart from 2n improved spatial diffeomorphisms also generate an additional (K— 
2n) -parameter symmetry. The number of physical degrees of freedom is given by 

f 2n +i(N)=nN-N-j, (n,N>l). (5.32) 

This formula is a generalization of ()5.23)1 obtained for generic theories, and it enables 
the counting of the degrees of freedom in the sectors of phase space which have more 
than minimal number of local symmetries. However, during its evolution, the degenerate 
system can change the number of degrees the freedom (loosing them) if it reaches the 
point where the symplectic form has lower rank |67| I68j. Therefore, the formula ()5.32|) is 
valid only on an open set not containing degenerate points. 



5.3 Regularity conditions 

In the previous chapter it was implicitly supposed that all constraints were regular. Now 
the regularity conditions in CS theories are going to be analyzed. 

First, consider the original set of constraints obtained from Dirac-Bergman algorithm, 
$ % a ~ and Xa ~ 0. Constraints <ft l a are regular since they are linear in momenta. Thus, 
the regularity of CS theories is determined by momentum- independent constraints \ a . It 
is convenient to write Xa in the basis of spatial 1-forms dx % as 

K a = d 2n x X a = -k{n + 1) g aai - an F ai ■ ■ ■ F a " w . (5.33) 

Their small variations evaluated at K a = are 

5K a = J ab D5A b , (5.34) 
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and they define the (2n — 2)-form 3 a b, which can be identified as the Jacobian, 



'ab 



-kn{n + l) gabai-a^ F ai ---F 



1^=0 • 



(5.35) 



According to Dirac's definition, a sufficient and necessary condition for K a to be regular 
is 



3? (J 



ab 



N. 



(5.36) 



Since 3 a b is field dependent, its rank may change in phase space. In particular, for a pure 
gauge configuration F a = 0, the Jacobian J a f, has rank zero. For other configurations, the 
rank of Jacobian can range from zero to N, and the irregularities are always of multilinear 
type because in the expression ()5.33|) . thanks to the antisymmetric tensor s* 01 '"'^", the 
phase space coordinate A®, for one particular choice of i, occurs only linearly. 

Regularity conditions of first and second class constraints. Suppose that the 
set of constraints (4> l a , \a) is regular. A new equivalent set, with separated first and second 
class constraints, is introduced via the transformation 



T : 



(5.37) 



where the matrix of transformation is given by 



r 



F b - 



ab 
aj 







(5.38) 



This transformation preserves the regularity of the original constraints only if it is invert- 
ible at E, i.e., its rank is equal to the number of constraints, 3? (T) = 2n(N + 1). For the 
rank of T , one obtains 3 



(5.39) 



/ A B \ , N 

3 If a matrix M = I ^ I has an invertible submatrix A, then 3? (M) = SR ( A) + 3? (D - CA^ 1 B) . 

( -A- x Bv \ 

This is a consequence of the fact that the zero modes of M have the form , where v is a 

\ v J 

zero mode of D — CA~ X B. 
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implying that iV constraints Q a are always regular (if \ a are regular), while the regularity 
of Hi and 6 a requires two extra conditions: 

ft (4) = 2n , ft (Sj,) = 2n(N - 1) , (5.40) 

which mean that C % F\- = and C a S b a ^ = have to have the unique solution C l = C a = 0. 

Generic condition and the regularity. The study of dynamics in CS theories 
requires not only the analysis of regularity, but also of genericity. A generic configuration 
has the symplectic form Vt^ b with maximal rank, while a regular configuration has the 
invertible Jacobian 3 a b. The relation between and 3 a b, Eqs. ()5.1()j) and (|5.H5j) . is 
given by 

2 d 2n x fig, = dx l dx j 3 ab . (5.41) 

In spite of the fact that both conditions are expressed in terms of the same matrix Q^ b , 
they are independent. 

This is illustrated with four different examples. 

1. An irregular and non-generic configuration is the pure gauge, F = 0, which occurs 
in any non-Abelian CS theory in D > 5. 

2. Irregular and generic configurations can be found in five-dimensional AdS^-CS su- 
per gravity, see Ref. [E%] . 

3. Regular and generic configurations can also be found in five- dimensional AdS^-CS 
supergravity, as it is discussed in Chapter |BJ 

4. Regular and non-generic configurations occur in a five- dimensional CS theory based 
on a direct product G\ <S> G2, for a particular choice of the invariant tensor. 

In order to demonstrate the last example, the group indices can be taken as a = (r, a) 
corresponding to Gi and G2 respectively, and the invariant tensor chosen to have non 
vanishing components g rs \ = g rs (r, s = 1, 2, . . .) and g a/3 i = g a/ 3 (a, [3 = 1, 2, . . .) , with 
tensors g rs and g a p invertible. Then the configuration 

F a = (j 1 dx l dx 2 , h l dx 3 dx^ (5.42) 
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is regular and non-generic. Indeed, the Jacobian evaluated at (|5.42jl has maximal rank 

-6kg rs f l dx 1 dx 2 

—6kg a sh 1 dx 3 dx' 



>ab 



(5.43) 



while Q l ^ b with non-vanishing components 

fi£ = -3k g ril f\ = -3kg aP h\ (5.44) 

has 2N zero modes 

V t J U ' S ' +V ' S i), (5.45) 

with 2N arbitrary functions u a (x) and v a (x), and is therefore degenerate. This particular 
CS theory has no physical degrees of freedom, according to the formula (|5.32j) applicable 
to regular non-generic theories, for n = 2 and K = 2N. 

As a consequence of the existence of both regularity and genericity issues, the regular- 
ization problem is much more delicate in CS theories. For example, in a pure gauge sector, 
F a = 0, the constraint surface is defined by the pure gauge configurations A? = — -DA", 
and the multilinear constraints \ a ~ can be exchanged by the equivalent regular set 
A1 = A\ + D\\ « 0. In that case, all constraints {A4 ~ 0, <p l a ps 0} are second class and 
there are no physical degrees of freedom in the pure gauge sector , as expected. 

A more general situation occurs around the background F a = (F r ,F a ), where only 
one block of the field-strength vanishes, F a = 0, leading to the irregular constraints Xa- 
It is supposed that the rest of constraints Xr are regular. In that ^ are 

exchanged by Af = A" + DXf ps 0, and the constraints {Af ~ 0, <p l a ~ 0} are second 
class, so that the variables (Af , ir l a ) can be eliminated from the corresponding reduced 
phase space. In consequence, the dynamics of this sector is effectively determined by 
the regular constraints {x r ~ 0, <p l r ~ 0} , i.e., by the submatrix of the symplectic form 
Q l r { = {4>l, 4> J S }* ■ Therefore, the problems of irregularity and genericity are decoupled, and 
the whole dynamics follows only from Q l J s . The underlying reason for the decoupling of 
two problems, is that regular and irregular sectors do not intersect in the phase space, and 
that there is an effective symplectic form determining the dynamics of the each sector. 

Although a wide class of irregular CS sectors are of the type described above (when 
the irregularity is a consequence of F a = 0), there may be another "accidental" irregular 
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configurations, specific only for a certain CS theory, where an independent analysis is 
required. 

5.4 Conclusions: the phase space of CS theories 

The dynamical structure of higher-dimensional CS theories invariant under a Lie group 
with more than one generator, is complex and crucially depends on the symplectic form Q. 
Since the rank of this matrix, which determines the number and character of constraints 
in a theory, changes throughout the phase space, CS theories have the following general 
features: 

• There exist regular and irregular sectors of phase space, where the constraints Xa 
are functionally independent or not, respectively. A system cannot spontaneously, 
in finite time, evolve from one sector to another. 

• If the rank of the symplectic form is maximal, the theory is generic, otherwise, it 
is degenerate. This classification is independent from the regularity, although both 
conditions are expressed in terms of the same matrix Q^ b . 

• During its evolution a regular system can reach a point in configurational space 
where it is irregular, but it passes this point without any effect. The reason is that 
these two sectors do not have intersections in the phase space. 

• During its evolution a regular system can reach the point where it is degenerate, 
i.e., the symplectic form has lower rank. Then the system cannot leave this sector 
of lower rank since it gains additional local symmetry and looses physical degrees 
of freedom there. 

• In Chern-Simons theories, it is not possible to separate first from second class con- 
straints explicitly, for all configurations. 

The features mentioned above make the dynamics of CS theories more complicated 
and with rich structure. 
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Chapter 6 

A dS-C hern- Simons supergravity 



It is known that gravity in 2+1 dimensions, described by the Einstein-Hilbert action with 
or without cosmological constant, is exactly soluble and quantizable |0J. This is possible 
because it has no local degrees of freedom, and because its action is a CS form and can 
be seen as a gauge theory for the (A)dS or Poincare groups. This is an insight that 
motivates the study of similar theories, represented by CS forms, in all odd dimensions 
[H3 ESI EUl E3] (see Appendix |EJ). In these theories, gravity becomes a truly gauge 
theory, where the vielbein (e a ) and the spin-connection (u ab ) are components of the same 
connection field A, for the (A)dS or Poincare algebra. In higher dimensions (D > 5), 
the CS actions are not equivalent to the Einstein-Hilbert actions, as they contain terms 
nonlinear in curvature, and torsion is a dynamical field 

In this chapter, CS supergravities based on the supersymmetric extensions of the AdS 
group, are studied. These theories contain, apart from the gravitational fields (e, u) and 
the gravitini (ip), a number of the additional bosonic gauge fields. The supersymmetry 
algebra closes off shell, without the need to introduce auxiliary fields. The number of 
boson and fermion components are not equal [56J. 

The simplest higher- dimensional CS supergravity with propagating degrees of freedom 
occurs in five dimensions. An additional simplification is that the Lagrangian of the five- 
dimensional theory does not contain torsion explicitly in the purely gravitational sector, 
which is just a polynomial in the curvature and vielbein. 
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6.1 D = 5 supergravity 



a) Algebra 

Five-dimensional AdS-Chem- Simons supergravity is based on the supersymmetric exten- 
sion of the AdS group, SU(2, 2 \N). The superalgebra su(2,2\N) is generated by the 
following anti-Hermitean generators [55j : 

so(2,4): Jab, (A, 5 = 0, . . . , 5) , 

su(jV): T A , (A = 1, . . . , N 2 - 1) , 

SUSY: Q« Q;, = 1,. ..,4; r = l,...,A) 
u(l): G 1? 

where t)ab = diag (—,+,+,+,-1-,—). Lorentz rotations and AdS translations are gen- 
erated by J a b and J a = J a5 (a, 6 = 0, ... ,4) respectively, and supersymmetry (SUSY) 
generators transform as Dirac spinors in a vector representation of SU(N). The dimension 
of this superalgebra is 

Af(SU(2,2\N)) = A 2 + 8A + 15. (6.2) 

b) Field content 

The fundamental field is the Lie-algebra- valued connection 1-form, A = A Gm, with 
components 

A = I Ca 3a + \ Uab3ab + gATa + ^ Qr ~ + Gl • (6,3) 

Apart from the purely gravitational part Q e a , uj ab ) , where £ is the AdS radius, this theory 
contains a fermionic sector n/>°, (gravitini), and bosonic fields a A and demanded 
by supersymmetry. The components of the field-strength F = dA + A 2 = F m Gm along 
the bosonic generators are 

pab = R ab + 1 e a e b _ Ifrjyb^ 

(6.4) 

pA = jrA + jfjs ^Ji.y^ r } 
= d(j) - i$ r ip r , 



(15 generators) 
(A 2 - 1) , 



(6.1) 

AO, 



(1) 
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where N x N matrices r A are generators of su(N), and a = a A TA and T = da + a 2 are 
the corresponding field and its field-strength, dip is the u(l) field-strength and the torsion 
(T a ) and curvature (R ab ) two-forms are given in Appendix El The component of the 
field-strength along the fermionic generator (— Q r F r term), is 

F r = Dip r , (6.5) 

where the super covariant derivative of a p-form X is DX = X + [A, X] (see Appendix 
lUj) . In particular, for the spinor if> r , it is 

Difj r = (V + 4) if) r - a°ifj s +i Q - -0 0Vv , (6.6) 

where Vip r = (d + i/j) ip r is the Lorentz covariant derivative, with i/j = | c<j afe r afe and ^ = 

c) Action 

The CS Lagrangian, defined by (J5.1j) . in five dimensions becomes 

dL cs = ik (F 3 ) = ikg MNK F M F N F K , (6.7) 

where (...) stands for a symmetrized invariant supertrace (symmetric in bosonic and 
antisymmetric in fermionic indices) which is explicitly given in AppendixIFJ 1 The constant 
k is dimensionless and real, and antisymmetric wedge product acts between the forms. 
The CS action can be explicitly written as 



J cs [A] = J L CS (A) = ik j (a (dA) 2 + ~ A 3 dA + jj A 5 ^ + B [A] 



(6.1 



M M 

where B [A] is a boundary term which must be added so that the action is stationary on 
the classical orbits. In components, the CS supergravity action takes the form originally 
obtained by Chamseddine 



L C s = L s (u, e) + L SU (N) (a) + Aj(i) (u, e, <p) + L f (u, e, a, 0, if)) , (6.9) 



x The symmetrized supertrace ( ) = ( , , ) has three Lie-algebra-valued entries. For example, 
(A 3 dA) = (A 2 , A, dA) = (A, A 2 , dA) . 
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where 

T (i R ab R cd p e J 2_ -nab c d e j 1 a b c p d p e\ 

±jg — g tabcde \£ 11 11 c ' 3£3 - iL c c c ^ 5 c c c c c y , 

-^su(n) = — i&Trjv (a^ 72 - \a?J r + ^ a 5 ) , 

= k{^-^)(j> {defy 2 + § (W a - | i?*?^ - i? afe e a e 6 ) + f J-^J- \<f) , 
U [f T<T B + I (i? a6 + e a e b ) T afe + 2* (i + i) d<j> - D^ r 

-f^ r (J? - | </> s </v) £>V. + cc. , 

(6.10) 

and JF* = JF A (ta)* • On the basis of the form of Dip r given by (|6.6j) . one can see that 
the fermions carry a 2/ (1) charge q = j — j*. The pure gravitational Lagrangian L g 
contains the standard Einstein-Hilbert Lagrangian with negative cosmological constant, 
plus an additional term quadratic in curvature which is a dimensional continuation of the 
Gauss-Bonnet density from four to five dimensions. 

From the Lagrangian A(i) and the relation ()6.6|) it can be seen that the case N = 4 is 
exceptional since the dynamics of <fi changes (it looses the cubic term in the Lagrangian) 
and fermions become neutral (q — 0). It is shown in the Appendix |F] that for N = A, the 
U(l) generator becomes a central extension. 

d) Local symmetries 

As all CS theories, the AdS-CS supergravity action is invariant under diffeomorphisms, 
Sx^ = ^(x), 5^A = —£^A, and infinitesimal gauge transformations, 5\A = —DX 
(see the Section 15. 1|) . In particular, under local supersymmetry transformations with 
parameter (x) , from X — e^Q r — Q r e r one obtains 

5 e e a = -\ (rr a e r - rP»Vr) , W r a = -Del , 

5 t u ab = | (fr a& e r -eT a V r ) , 6 e ifc = -De?, (6.11) 

S e a A = r(T A ) S r e s -e(T A y r i> s , 5^ = -i (^e r - «/v) • 

Unlike standard supergravities, here the supersymmetry algebra closes off shell by con- 
struction, without requiring auxiliary fields [5*d] . 

The CS action is not invariant under large gauge transformations 

A° = g(A + d)g- 1 , g e SU (2, 2 \N) , (6.12) 
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where g = e . Using the fact that the field- strength transforms homogenously, F 9 = 
gFg^ 1 , leading to dL^ = dL C s, one obtains that the Lagrangian changes as L 9 CS = L C s + uj, 
where a; is a closed form (du = 0) which is not exact for nontrivial topology. 

e) Field equations 

Varying ()6.8|) with respect to the connection, yields 



M 

provided SB and the boundary conditions are chosen so that the boundary term in SIcs 
vanishes. Then the action has an extremum if the equations of motion are satisfied, 



One solution of these equations is a connection which is locally flat, a pure gauge field, 
A = gdg^ 1 . The theory with configurations in the sector around a pure gauge field has 
no propagating degrees of freedom and the entire dynamics is contained in the nontrivial 
topology, but in that case the theory is irregular. In general, there are physical degrees 
of freedom in the bulk, as well as at the boundary. 

The asymptotic dynamics is sensitive to the choice of boundary conditions and the 
topology of dM.. The boundary conditions must be chosen so that SB can be integrated 
to get B, or, if B — 0, so that SIcs does not contain additional boundary terms in 
(jSHS|) - Here it is supposed that the adequate boundary conditions exist, and they will be 
discussed later, in connection with the conserved charges. 

6.2 Conserved charges 

In Chapter 5, the Hamiltonian dynamics of CS theories in D > 5 was analyzed. It 
was shown that, in regular sectors of phase space, gauge invariance is expressed by the 
presence of first class constraints Qm which generate gauge transformations. There is 
also diffeomorphism invariance in these theories. Spatial diffeomorphisms are generated 
by first class constraints 7ij, while time- like diffeomorphisms are not independent, but 




(6.13) 



(G M F 2 > =g MNK F N F K = 0. 



(6.14) 
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realized as on-shell symmetries. Generic sectors of these theories do not have additional 
independent local symmetries. The symplectic form, which defines the kinetic term in CS 
theories, was also discussed. It was emphasized that it can change its rank throughout 
configuration space. Depending on the rank of the symplectic form, which in general 
depends on the background, CS theories can be either regular or irregular, generic or 
degenerate. 

The study of the boundary dynamics has been intentionally left out of the analysis. In 
2+1 dimensions, where there are no locally propagating degrees of freedom, the boundary 
dynamics is purely topological. In higher dimensions, besides purely topological degrees 
of freedom, there also exist local ones. In this chapter, the boundary dynamics is analyzed 
(see for a review of the bosonic case). From now on, only regular and generic CS 
theories are considered, and they in general have local degrees of freedom. 

In the Hamiltonian formalism it is assumed that space-time is M. ~ R x a, where a 
is an Euclidean manifold. The PB of the canonical fields (Af 1 , ir % M ) on the phase space T 
is given by 

M^f } = -WmS = - R eM {Afy M } , (6.15) 
where 6 denotes the Dirac's 5-function at the spatial section, A^f is a Lagrange multiplier, 
and the number Em = 0,1 (mod 2) is the Grassmann parity of A^f and 7r M (see Appendix 
Ofo r the conventions). The Hamiltonian for the action (J6.8j) is given by 

H T = J d A x «£ M + uf <f M ) , (6.16) 

where boundary terms have been neglected for the moment. The constraints are given by 

Qm = -Xm + A0 j m~O, (6.17) 
where the covariant derivative acts on cf> M as Di(fi z M = di4> l M + f MN K Af <p l M and, for D = 5, 
4* = ike^ kl [g MNK Ff k Af -\g MNL f KS L A N 3 AlA\ 

Xm = -^e^ kl g MNK FSF^0. (6.18) 
The symplectic form defining the kinetic term in the action is a function on phase space 

tt% N = -3zk e^ kl g MNK F* , (6.19) 
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whose rank can vary throughout T. In the regular and generic sectors, the action does 
not have other independent symmetries apart from spatial diffeomorphisms and gauge 
transformations, and the constraints satisfy the Poisson brackets algebra 

{Qm,Qn} = /mat Gk8, 

{QmAn} = W<^, (6.20) 

where Qm are first class constraints (generators of gauge transformations), while among 
0's there are four first class constraints (generators of spatial diffeomorphisms) and the 
rest are second class constraints. The number of locally propagating degrees of freedom 
in this theory, according to ()5.23|) . is 

f 5 (AT) = N 2 + 8N+13. (6.21) 

Regular generic background. In the following, a class of backgrounds (solutions 
of the constraints) is chosen so that they provide a regular and generic theory. They also 
allow separating first and second class constraints among 0's, which is in general a difficult 
task. However, in the case of iV = 4, the invariant tensor takes the same form as invariant 
tensor of g <g> u (1). Explicitly, the supersymmetric algebra su(2, 2 |4) is generated by the 
u(l) generator Gi and the psu(2, 2 |4) generators Gm' = (Jab, 1a, Q", Q r a ) , so that the 
invariant tensor Qmnk , decomposed as Gm — > (Gm',Gi) , takes the simpler form (see 
Appendix IF)) : 

Qmnk — ► I^AfAT'X' , Qm'N'i = —-Im'N' , 9m'u = 0, <?m = oj- . (6.22) 
Here Jm'N' is the invertible Killing metric of PSU(2, 2 |4). 

(i) Regular background. The background has to be such that the Jacobian 
matrix 

J MN = -Qikg MNK F K =[ , 6.23 

\\kiM>K>F K J 

is invertible. (From now on, the forms are defined on the spatial section.) When the 

submatrix Jm'N' is invertible, the regularity conditions require that F K ' be non-zero, for 
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at least one K' . The simplest solution occurs when the fermionic field vanishes (-0° = 0) 
and the space-time is locally AdS (F AB = 0), while the sw(4) field-strength JF A has a 
component only along dx 1 dx 2 , 

This configuration is on the constraint surface if the u(l) field <fi has a field-strength 
satisfying / 34 = 0, while the remaining components /y = — <9j</>j are arbitrary. 

Generic background. The background is generic if the symplectic form 

n = nz N =l iW Um>1 (6.25) 

has maximal rank. Since f2 has always four zero modes 

n£*i$ = -4xM«0, (6.26) 

the maximal rank is 3ft (f2) = 4 (A/" — 1). This is satisfied if the following two conditions 
are fulfilled: 

(I) ^M'jv = non-degenerate, 

(II) det/y ^ (/s4 = 0). 

Consequently, the inverse A|f ,JV ' and exist, 



(6.27) 



^' K ' V% N , = 515%; , fij f» = 51 , (6.28) 

and the rank of the symplectic form is: 2 

3ft (n% N ) = 3ft (Q%, NI ) = 4 (Af - 1) . (6.29) 



2 If the symplectic matrix ^i IN has invertible submatrix fl^j, N ,, then its rank is 5ft ff^jyj = 
K(fiM'JV') +K(M«), where M y = A%' N 'n% n (see the footnote at p. EJ- However, on the 



basis of the identity (|6.26|) . the matrix M %3 weakly vanishes, 
and therefore it has zero rank on the constraint surface. 
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(m) First and second class constraints. Since the submatrix fi^/'v * s m ~ 
vertible, it is possible to separate the first and second class constraints. The second class 
constraints are <f) l M ,, while 

01 = 01 - Afl'K'Q^, « (6.30) 

are first class constraints related to the generators of spatial diffeomorphisms, 

n, /,,o: /-y'o^^O. (6.31) 

In general, one could introduce Dirac brackets and eliminate unphysical degrees of 
freedom coming from the second class constraints. But it is more convenient not to do so 
in order to maintain explicitly covariant expressions. 

Improved generators. The generators of gauge symmetry are given by 

G [A] = J d 4 x \ M Q M = J d A x X M (-xm + A0m) , (6.32) 

and their action on phase space functions F is 

5 X F = {F, G [A]} = (-)™ J d 4 x \ M {F, Q M } . (6.33) 

The generators can be made to have local functional derivatives. This means that the 
variation of the generator G [A, z\ takes the form J dxSz A jp^, without derivatives dj {5z A } 
which would give rise to boundary terms. The generators ()6.32|) . however, vary as 

5G [A] = 5G Q [A] - 5Q [A] , (6.34) 

where SGq [A] is the bulk term and 5Q [A] is a boundary term. The generators of local 
transformations should be the so-called improved generators, which differ from the original 
ones by boundary terms (the Regge-Teitelboim approach [TH]). 

G Q [A] =G[\] + Q [A] , (6.35) 

such that their functional derivatives are local functions. In order find the explicit expres- 
sions for the improved generators, it is more convenient to rewrite the original generators 
flEB) as 

G [A] = J (A (-K + £>$)) , (6.36) 

(J 
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where the 4-form K (K MijM = XM^ijki), and the 3-form $ ($Mjki = <Pm £ ijki) are defined 
on the 4- dimensional spatial manifold a by 

K = -3iA;F 2 ^0, 

$ = Il-ik ({A,F} - l - A 3 ^ 0. (6.37) 
Here TlujU = £ ijkl- Then, the generators ()6.36|) vary as 

5G [A] = J [~ (A5K) + (XD5<$>) + ([A, $] 5A)] , (6.38) 

(T 

with the following variations of the constraints: 
5K = -3ik {F,D5A} , 

5<$> = 5U - ik {¥,5 A} - ik {A,D5A} + y 5 A 3 . (6.39) 
Therefore, the bulk term in (16.3811 has the form 



5Gq [A] = J (5 AX (A) + 511 DX) , (6.40) 

(7 

where the 3-form X is given by the expression 

X (A) = ik {DX, F} - ^ {-DA, A 2 } + ik{[¥, A] , A} - [A, . (6.41) 
From Eqs. ()6.4())1 and (|6.41jl . the functional derivatives of Gq are 

$Gq [A] _ 1 ijkly /n 

■ e y^Mjki {*) , 



5A¥ 3! 

AA M . (6.42) 



Thus, the improved generators indeed generate local gauge transformations, 

*aA M = {A M , G [A]} = R e " = —DiX M , (6.43) 

and it can also be shown that momenta transform as 



W M = [A]} = = -is^X 



fU; w 3 ,- --Mjki (A) ■ (6.44) 

The improved generators, however, are not constraints but take the value Gq kQoii the 
constraint surface. Q [A] generates gauge transformations at the boundary and is called 
the charge. 
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Conserved charges. The boundary term in ([6.38)1 . denoted by —5Q [A], is 



SQ [A] = -Qik J (AF5A) - 2ik J (DXA5A) - J (\5&) . (6.45) 

da da da 

This expression can be integrated out provided the connection is fixed at the boundary, 

A — > A , at da, (6.46) 

where A is a regular generic configuration. The choice of boundary conditions is not 
unique, and (j6.46|) is the simplest one which still gives a non trivial asymptotic dynamics. 
More general possibility is to solve Q from ()6.45j) without fixing of all components of the 
connection at the boundary. 

Using ()6.45|) and the boundary conditions ()6.46|) . the charge is obtained as 

Q [A] = -6ik J (AFA) - 2ik J ( 73 AAA) - J (A*) . (6.47) 

da da da 

The charge can be explicitly written as 

Q [A] « -2ik J g MNK (3X M F N + D\ M A N ) A K , (6.48) 

da 

where the term proportional to the constraints $ vanishes on-shell, and it does not 
give contributions to the charge. The second term at the r.h.s. of ()6.47|) . comes from 
the variation of the constraints $ % M = (<p\, (j) l M ,) , where (j) l M , are second class. On the 
other hand, one should not expect to have a contribution of the second class constraints, 
which naturally do not appear in the gauge generator ()6.36|) on the reduced phase space, 
where (j) % M , = 0, what can be explicitly provided by introducing the appropriate Dirac 
brackets. Both approaches should be equivalent, because the second class constraints do 
not generate gauge transformations, and there are no conserved charges associated to 
them. 

One can see that the term (Da, A, A) vanishes for the local PSU (2, 2 |4) parameter 
a = a M 'GM', once the asymptotic conditions are used. Evaluated at the background 
(A = A), this term is indeed zero, due to the identity gu'NK A N A K = 0. The fields 
asymptotically tend to the background, so that the connection behaves as A ~ A + AA, 
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while the local parameter is a ~ a+Aa, where a is a covariantly constant vector (Da = 0) 
which describes symmetries of the vacuum at the boundary. Then the term 

(Da, A, A) ~ (Ma, A,AA> , (6.49) 

gives a contribution of second order, since AA and Aa are subleading compared to A 
and a, in the limit in which the boundary is taken to infinity. 

Charge algebra. The PB algebra of improved gauge generators can be found di- 
rectly from the definition of the functional derivatives (J6.42)) . and it has the form 

{G Q [A] ,G Q [ V ]} = J (X (A) Di] — X ( V ) DX) , (6.50) 

where the expression for X is given by (J6.41)) . This algebra closes, and it has the general 
form 

{G Q [A] , G Q [r,]} = G Q [[A, rj]] + C [A, rj] , (6.51) 

where [A, if\ M = —fKN M ^ N V K i an d C [A, 77] is a boundary term. Thus, the classical algebra 
acquires a central extension C, called the central charge, which emerges as a consequence 
of working with the improved generators. In order to calculate C, rather than starting 
from ([6.50)1 . it is more convenient to find it from the gauge transformation of the charge 

Q, 

6 V Q [A] = {Q [A] ,Q[r)]} = Q [[A, r,}) + C [A, r,} . (6.52) 

On the basis of the Brown- Henneaux theorem |112j . the central extension obtained from 
the gauge transformation of the charge, Eq. ()6.52jl . is the same as the central charge 
in the algebra of improved generators, Eq. (|6.51jl . evaluated on the background. This 
follows from the fact that the charge algebra ()6.52|) is valid only on the reduced phase 
space, after gauge fixing of all first class constraints Qm, so that the original generators 
G [A] are all strongly zero. 

The central charge can be evaluated as follows. In the class of generic regular configura- 
tions A given by ()6.24|1 and 1)6.27)1 . the vacuum A v is the one for which the charges vanish, 
Q [A] = Q [X]a v = 0. Then, the central charges are obtained as C [A, 77] = 5 V Q [A]^ . This 
will be calculated in the next section. 
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6.3 Killing spinors and BPS states 

In supergravity theories, the anticommutation relation are of the form {Q,Q^} ~ P + 
J + • • • , giving that the sum of the total charges is bounded from below, since it is 
proportional to (QQ^ + QQ^) > (Bogomol'nyi bound jBEj)- In standard supergravity 
theories it leads to the positivity of energy [H3 ESI EHj- When the bound is saturated, 
the corresponding states, the so-called BPS states, have some unbroken supersymmetries. 
Therefore, the existence of BPS states is important for the stability of the theory. In what 
follows, a BPS state will be constructed which is also regular and generic. 

For the bosonic BPS states = 0, and the supersymmetry transformations 8 € ij}" = 
-De" leave this condition invariant if the local fermionic parameter satisfies 

De a r = . (6.53) 

This is the Killing equation for the spinor e°, and its solutions are Killing spinors. 

Assuming a generic regular configuration, conditions (|fi.24j) and (|fi.27j) are satisfied if: 

A = 0, T K Ff 2 drdtp 2 ^0, 

F AB = 0, detA, ^ 0, /34 = 0. 

The local coordinates on M. are chosen as x^ = (t, r, x n ), where x n (n = 2, 3, 4) parametrize 

the boundary da, placed at the infinity of the radial coordinate r. 

Locally AdS space-time. The AdS space-time (F AB = 0) can be described by the 
metric 

d s 2 AdS = f (dr 2 + e 2r r] n rn dx n dx m ) , (6.55) 

where x n = (t,x n ) and r] nfh = diag (— ,+,+,+, +). The vielbein (e a ) and the spin 
connection (u ab ) are given by 

e 1 = £dr , uj nl = \ e n = e r dx n , 

1 6.56 
e n = £e r dx n , u nfh = . 

It is easy to check that this space-time is indeed torsionless (T a = 0) and with constant 
negative curvature (R ab = — -k e a e b ). Then the AdS connection is 

W = l - W AB T AB = 1 [e^! + e n T n (1 + T,)] . (6.57) 

73 



The Killing spinors e a for the metric ()6.55|) . which are solutions of 



(d + W)e = 0, (6.58) 

and they have the form |135j 

e = e -5 r i [1 - x n T n (1 + Tx)} e , (6.59) 

where Eq is a constant spinor. The derivation of (J6.59j) is given in the Appendix IH1 
Changing the topology of da by the identification of the coordinates x n gives a locally AdS 
space-time, and it eliminates the ^"-dependence of e, which therefore must be (anti)chiral 
under IV Some examples of Killing spinors in the locally AdS space-time are given in 

cm 

Consistency of the Killing equation. The Killing equation (j6.53|) for the su(A) 
spinor e° can be written in components as 

[5 s r (d + W) - a s r ] e s = , (6.60) 

where W AB = (j e a , tu ab ) is the AdS connection, a is the sw(4) connection, and (for 
N = 4) the u(l) field is decoupled and it does not appear in the covariant derivative. The 
consistency of this equation requires DDe = [F, e] = 0, or in components, 

Q 5 s r F AB T AB - F s ^j e s = . (6.61) 

For the configurations ()6.54|) . this equation reduces to 

F*e s = 0. (6.62) 

This equation has nonvanishing solution provided the matrix has zero eigenvalues 
and e r are its zero modes. In order to have a nontrivial su(4) curvature, T K must be 
nonvanishing for more than one value of the index A, so that the contributions of all 
components cancel. Using the local isomorphism su(4) ~ so(6), it is more convenient to 
represent the su(A) curvature as T s r = \T 1J (t/j)*, where 

t I j = ^T IJj (J,J=1,...,6) (6.63) 
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are the so(6) generators, Fjj = | f /, f j and f / are the Euclidean f-matrices. Fur- 
thermore, the commuting matrices r 12 and r 34 generate the u(l) <g) u(l) subalgebra of 
so(6). Since (r 12 ) 2 = (t 34 ) 2 = — |, the eigenvalues of r 12 and r 34 are ±|. Considering the 
"twisted" configuration, i.e., assuming 

(T34)' e s = ~2 e ^ ( 6 - 64 ) 

and that the only u(l) curvature components are JF 12 = da 12 and JF 34 = da 34 , then Eq. 
()6.62j) becomes | (JF 12 — JF 34 ) e r = , whose solution is 

T 12 = T z \ (6.65) 

In terms of the connection, this implies 

a 12 = a u + drj , (6.66) 

where 77 (r, x n ) is an arbitrary function. Since .Fjf (r, x 2 ) can only depend on two coordi- 
nates by virtue of the Bianchi identity, the simplest solution reads 

a 12 (x 2 ) = p(x 2 ) dr, 
f 12 (x 2 ) = -p' (x 2 ) drdx 2 . 

The Killing spinors. Since af. e s = ~dr)e r , the su(2,2|4) Killing equation ()6.60|) 
reduces to 

d + W - % - drA e s = 0, (6.68) 

where W is given by (|6.57|) . The spinor e s can be factorized as 

e a s =u s e a , (6.69) 

where the spinor e a is the AdS Killing spinor ()6.59|) . while the sm(4) vector u s is a solution 
of the equation 

d-^dVj u s = 0, (6.70) 
and it has the form u s = e^ v uo s . Therefore, The spinor e s is 

es = e ^ e -i ri [l-x^r^l + rO] e 0s , (6.71) 



75 



where the constant spinor 6q s satisfies the conditions (|6.64j) 

% % 
( r i2) r eos = g e ° r ' ( r 34) r eos = — g e ° r ■ 

The norm ||e|| 2 = ee is constant and positive, 



(6.72) 




2 



eof >0, 



(6.73) 



where = e r J (r )f (see Appendix IPT) . 

Therefore, the existence of configurations with some unbroken supersymmetries, which 
saturate the Bogomol'nyi bound, is important for the stability of the theory. Among them, 
there is the ground state A v . 

The central charge. A pending issue is to find the explicit expression of the central 
charge, C, for the charge algebra (|6.52j) . This can be done for the configurations that 
asymptotically tend to the background solution which is a BPS state. Since F M ' = at 
the boundary, the only nonvanishing field-strength is /, and the charge ()6.47|) becomes 



The goal is to find the vacuum, for which all charges vanish, Q [A] = 0. The su(4) fields 
are given by (|6.66|) and (|6.67|) , so that the first term in the expression for the charge (J6.74j) 
is proportional to the pure gauge drj. Therefore, for the vacuum state, rj can be chosen so 
that drj = 0. On the basis of (|6.56p . the second term in the charge ()6.74|) vanishes if the 
AdS parameters A n 5, A n i obey the asymptotic conditions: 



Supposing that all conditions are fulfilled and Q = 0, the charge Q [A] in (|6.47j) is 
found to change under the gauge transformations 5 V A = —Drj, as 




(6.74) 



£ nmk fnm (Am + Afci) e r — » 



(r — > oo) 



(6.75) 




(6.76) 



Finally, after substitution of the BPS background, the charge becomes 




(6.77) 
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The algebra ([6.51)1 . with the central charge ([6.77)1 . is a supersymmetric extension of 
the WZW4 algebra [JH1 El EU Elj ■ This algebra has a nontrivial central extension for 
PSU(2,2 |4), which depends on the 2-form /. In the Ref. the WZW 4 algebra de- 
scribing the asymptotic symmetries of a CS theory based on g®u(l) algebra was studied. 
The background chosen there was irregular, and it was not possible to define the u(l) 
charge, so that the WZW4 algebra was associated only to the subalgebra g. In the case 
of the superalgebra ([6.51)) . all generators are well defined because the chosen background 
is regular and generic. In contrast, the super WZW 4 algebra obtained here is associated 
to the full gauge group SU(2, 2 |4). 

6.4 Conclusions 

In this chapter, CS supergravities based on the supersymmetric extension of the AdS§ 
algebra, su(2,2 \N) were analyzed. This supergravity theories contain the gravitational 
fields, 2N gravitini, su(N) bosonic fields, and u(l) field. The action, apart from the 
Einsten-Hilbert term, contains terms nonlinear in curvature and is torsionless. The syper- 
symmetry algebra closes off-shell, without bringing in the auxiliary fields. 

In the case of N = 4, the invariant tensor of su(2, 2 |4) algebra has the same form as 
the invariant tensor of g®u(l). The theory has rich local dynamics, with 61 locally prop- 
agating degrees of freedom in the regular generic sector, as well as nontrivial asymptotic 
dynamics. 

The asymptotic dynamics depends on the choice of boundary conditions and is deter- 
mined by the subset of the gauge transformations which preserve these conditions at the 
boundary. A result of this analysis was to show that adequate boundary conditions exist, 
and to find the corresponding symmetries and the charges at the boundary. 

The following results are obtained: 

• A class of backgrounds is found, which provide a regular and generic theory. They 
are locally AdS space-times with bosonic su(4) and u(l) matter. It is impossible 
to have a regular and generic AdS space-time without both types of bosonic matter 
fields. On the other hand, if AdS space-time is not required, then the su(4) field- 
strength can vanish (pure-gauge). 
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• Around the chosen backgrounds, the first and second class constraints are explicitly 
separated. This, in general, is an extremely difficult task for an arbitrary CS theory. 

• The charges corresponding to the complete gauge symmetry are obtained for the 
simplest choice of the asymptotic conditions A —> A. This problem is not trivial 
since higher-dimensional CS theories are irregular systems and there are sectors in 
the phase space where it is not possible to define some generators. 

• BPS states exist among the considered backgrounds, which is important for the 
stability of the theory. 

• The supersymmetric extension of the classical WZW 4 algebra, associated to su(2, 2 |4), 
is obtained. The nontrivial central extension occurs only for psu(2, 2 |4) subalgebra. 

In addition to these results, work on the asymptotics of the CS supergravity is in 
progress, because there are still many questions to be answered. One of them is related to 
the finding of the asymptotic symmetries and the physical interpretation of the conserved 
charges. For example, is the mass associated to the generator of the local time translations 
Q [A a5 ]? In Ref. |113j . the energy and angular momentum of the black hole embedded in 
this supergravity theory were found, but the considered solution belonged to the irregular 
sector. There are also other black hole solutions in the five-dimensional CS supergravity 
which may be considered |114j - [TTTj . Then, the natural question is to analyze which 
charges (or their combinations) are bounded from below by the Bogomol'nyi bound. For 
example, in 3D supergravity, the black hole solution with the zero mass and zero angular 
momentum is a BPS state, as well as the extreme case M — £\J\ |118j . 

Furthermore, for the BPS states obtained in the last section, it is straightforward to 
make the mode expansion of the super WZW4 algebra, for instance when a boundary has 
a topology S 1 x S 1 x S 1 , or S 1 x S 2 . It is interesting to see which are the implications of 
different topologies to the asymptotic symmetry. 

One of the interesting questions which remains to be investigated, is whether there is 
a regular and generic background (for example, when the sw(4) field does not vanish at 
the boundary) which leads to the super WZW4 with the u(l) central extension, as well. 
It seems, in general, possible. 
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Chapter 7 

List of main results and open 
problems 

Main results 

• The action for the two-dimensional super Wess-Zumino-Witten model coupled to 
supergravity is obtained by canonical methods, so that it is invariant under local 
supersymmetry transformations by construction. 

• Standard Dirac's procedure for dealing with constrained systems is generalized to the 
cases when the constraints are functionally dependent (irregular). These irregular 
systems are classified, and regularized when possible, for classical theories with finite 
number of degrees of freedom. 

• Higher-dimensional Chern-Simons theories are analyzed in the context of irregular 
systems, and the criterion which recognizes irregular sectors in their phase space is 
presented. 

• The dynamical content of ^WSVChern-Simons supergravity theory in five dimen- 
sions, based on the group SU(2,2 |4), is studied and, among them, a class of BPS 
states is found. 

• The classical super WZW 4 algebra associated to sw(2,2 |4), with nontrivial central 
extension, is obtained as the charge algebra for AdS^-CS supergravity. 
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Open problems 



The method of construction of a super WZW action coupled to supergravity can be 
generalized to the cases of N > 1 supersymmetry, in D = 2. 

It is not clear whether all types of irregular systems can be consistently quantized, 
and how irregular sectors will present themselves after the quantization. 

The dynamic of irregular and degenerate Chern-Simons theories, in which the ir- 
regular sectors intersect with the surfaces of phase space with lower rank of the 
symplectic form, is not well understood. 

The pending questions in the .AdS^-Chem-Simons supergravity are the identification 
of the asymptotic symmetries and conserved charges in terms of observables (the 
mass, angular momentum, electric charge, etc.), as well as analysis of its boundary 
dynamics for different choices of topology of the space-time. 

One of more general problems is to obtain an action for a super WZW model in 
higher dimensions. It can be done, for example, solving the CS theory in D = 5 
based on the supersymmetric extension of U(l) <8> U(l), and finding its theory at 
the boundary. 
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Appendix A 



Hamiltonian formalism 



In this chapter, the Hamiltonian formalism for the systems with bosonic degrees of freedom 
is reviewed PHI HUlj . |119| - [T2lj] . A generalization of the formalism to the systems with 
fermionic degrees of freedom can be found in Refs. |124| - [T2T] . while for the reviews see 



Consider a classical system with finite number of degrees of freedom, described by the 
action 



which depends at most on first derivatives of the local coordinates q l (t) (up to divergence 
terms) and it does not depend on time explicitly. The classical dynamics is derived from 
the Hamilton's variational principle, as a stationary point of the action under variations 
8q(t) with fixed endpoints 5q(t ) = 6q(ti) = 0. 

a) Dirac-Bergman algorithm 

In order to pass to the Hamiltonian formalism, momenta are defined in the usual way as 



Refs. una En Ens, 1123 usii- 





(A.l) 
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and Hamiltonian dynamics happens on 2iV-dimensional phase space 



r = {z n | n = 1 



,...,2N} , 



(A.3) 



81 



with local coordinates z n = (q l ,pj). When all velocities can be solved from the equations 
(IA.2J) in terms of canonical variables, the evolution of a system is uniquely determined from 
its initial configuration by means of Hamilton equations. When all velocities q 1 cannot 
be uniquely solved from equations (jA.2j) in terms of canonical variables, all momenta are 
not independent. In consequence, there are primary constraints, 

<p a (z) = 0, (a=l,...,JV P ), (A.4) 

which define the primary constraint surface 

S P = {z e T | <p a (z) = (a = 1, . . . , N P ) (N P < 2N)} . (A.5) 

Although the primary constraints vanish on Ep, their derivatives do not, thus it is 
useful to make difference between the concepts of weak and strong equalities. A function 
F(z), defined and differentiate in a neighborhood of z G T, is weakly equal to zero if it 
vanishes on Ep, 

F(*)«0 <=► F(z)| Sp =0, (A.6) 

and it is strongly equal to zero if the function F and its first derivatives vanish on Ep, 

dF 



F{z) = ^ F, 
v ' dz n 



= 0. (A.7) 



With this conventions, the primary constraints are 

ip a (z)^0, (t*=l,... ,N P ). (A.8) 

Primary constraints are functionally independent if the regularity conditions (RCs) [HE] 
are fulfilled: the constraints tp a m are regular if and only if their small variations 
Sip a evaluated on E p define A^p linearly independent functions of 5z n . 

When the RCs are satisfied, there is relation between the strong and weak equalities. 
If a phase space function F is weakly equal to zero, then it is strongly equal to a linear 
combination of constraints, 

F^O F = u a ip a . (A.9) 

Therefore, the existence of primary constraints naturally leads to appearance of arbitrary 
functions of time u a (t) in a theory. 
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Total Hamiltonian and time evolution. The canonical Hamiltonian, obtained 
by Legendre transformation of the Lagrangian, 



H (q,p)=p t q l -L(q,q), (A.10) 

depends only on canonical variables. Due to presence of primary constraints, canonical 
variables are not independent and H is not unique, therefore the Legendre transformation 
is not invertible. Using the relation between the weak and strong equalities (jA.9|) . one 
introduces total Hamiltonian as 

H = H + u a Va- (A.ll) 

It gives an invertible Legendre transformation, but the dynamics following from (jA.ll|) 
depends on Np arbitrary functions u a (t). Introducing a Poisson bracket (PB) on the 
phase space T as 

{ FjG } = —u nm — , (A.12) 

dz n dz m v ' 

where u nm is the antisymmetric symplectic form which determines the basic PB {z n , z m } = 
u> nm , Hamilton equations can be written as 

z n = {z n , H } + u a {z n } <p a } « {z n , H} . (A.13) 

Time evolution of phase space functions F is determined by 

F = {F, H } + u a {F, v*} « {F, H} , (A.14) 

and in general it is not unique for given initial conditions F (to). 

Consistency conditions. Consistency of the theory during its time evolution re- 
quires that the primary constraints are preserved in time, 

<p a = {p a , Ho] + { Va , ipp} « . (A.15) 

These consistency conditions reduce to one of the following possibilities 1 : 



^^The systems in which the consistency conditions are not satisfied are excluded because, in such 
inconsistent models, the action has no stationary points. 
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• If {<f a , (pp\ ~ and {ip a ,H } « 0, then Eq. (jA.15|) is automatically satisfied (it 
reduces to ~ 0). 

• If {tp a , (fip} ~ and {(f a ,H } ^ 0, Eq. (jA.15|) is independent on multipliers and 

gives a secondary constraint. 

• If {{p a ,ipp} ^ 0, Eq. (|A.15|) becomes an algebraic equation in multipliers, leading 
to restrictions on some of them. 

Therefore, consistency conditions can give secondary constraints, the evolution of sec- 
ondary constraints can give a new generation of constraints, and so on, until it stops after 
finite number of generations (because the dimension of T is finite). This procedure results 
with the complete set of constraints 

r (2)«O, (r = l,...,R), (A.16) 

and a number of determined multipliers u. 

A system is regular if all constraints satisfy the RCs; otherwise, the system is irregular. 
Here only regular systems are considered. Then the conditions (IA.16J) define (2n — R)- 
dimensional constraint surface 

£ = {z e T | <j) r (z) = (r = l,...,R) (R < 2N)} , (A.17) 

and weak and strong equalities are defined with respect to E. Dirac-Bergman procedure 
guarantees that the system remains on the constraint surface during its evolution. 

First and second class functions. A function F(z) is said to be first class if it 
has a PB with all constraints weakly vanished, 

{F,0 r }^O, (r = l,...,R). (A.18) 

A function that is not first class, is called second class. As a consequence of Dirac-Bergman 
procedure, the total Hamiltonian if is a first class function. 

In particular, the constraints (jA.lfijl can be divided into first and second class con- 
straints. While distinction of primary and secondary constraints is of minor importance 
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in the final form of the Hamiltonian theory, the classification on first and second class 
constraints has important dynamical consequences. 

First class constraints commute with all other constraints, {0i class, 0r} ~ 0, thus 
their consistency conditions give no restrictions on multipliers. Consequently, the final 
dynamics is not uniquely determined by initial conditions, and unphysical difference is 
related to the existence of local symmetries in a theory. 

Second class constraints have {0 n class, (fir} 7^ 0, and their consistency conditions solve 
a number multipliers. The total Hamiltonian with solved multipliers is 

H' = H' + v a <fi a , (A. 19) 

where (fi a are primary first class constraints. Both Hamiltonians H' and H' are first class 
functions. 

b) Dirac brackets 

Consider a set of all second class constraints, 

9 m (z)^0, (m = l,...,iV 2 ), (A.20) 
where the corresponding PB matrix, or Dirac matrix, is non-degenerate, 

{e m ,e k } = A mk , (A.2i) 

with an inverse A mk (A mn A" fc = 5^j. The rank of Dirac matrix is even, as it is antisym- 
metric, thus there are always even number of second class constraints. 
The Dirac bracket (DB) of two phase space functions is defined by 

{F, G}* = {F, G} - {F, 6 m } A mk {6 k , G} , (A.22) 

and it has all properties of a PB: antisymmetry, bilinearity and it obeys product rule 
and Jacobi identity. By construction, DB of second class constraints with any function F 
vanishes, 

{9 rn ,F}*=0. (A.23) 

Therefore, using DB instead of PB, the second class constraints can be exchanged by 
strong equalities (set to zero before evaluating DB) on the reduced phase space T C T, 
where 9 m = 0. 
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The construction of DB has iterative property: a subset of second class constraints can 
be used to define a preliminary DB { }*. The next set of secondary constraints define a 
new DB { }**, where a preliminary DB is used instead of a PB in the definition (|A.22J) : 
and so on, until all second class constraints are exhausted. 

Gauge conditions. Unobservable degrees of freedom can be eliminated by imposing 

gauge conditions 

V a (z)^0. (A.24) 

The choice of functions \l/ a has to be such that: (a) gauge conditions are accessible, or that 
the equation \I/ a (z) + S e ^/ a (z) = has a solution in e, and (b) this solution is unique, i.e., 
there is no a residual gauge symmetry which preserves gauge conditions (|A.24j) . When 
(a) and (b) are fulfilled, then the number of the gauge conditions is equal to the number 
of first class constraints 

*«(*)« 0, (a = l,...,JV a ), (A.25) 

and the matrix 

{ Xa , ^b} = (Tab (A.26) 

is invertible. The gauge conditions must be preserved in time and their consistency 
conditions determine all multipliers. \I/ a are treated as any other constraints in a theory 
and, together with \ a , they form a set of second class constraints. One can define DB 
which treat all constraints and gauge conditions as strong equalities at reduced phase space 
r*, containing only physical degrees of freedom which number is given by the formula 

N* = 2N - (2JVi + N 2 ) • (A.27) 

This formula applies only to the regular systems. 

c) Local symmetries 

Due to the presence of arbitrary multipliers v a in the Hamiltonian (|A.19J) . the evolution of 
a variable F (t) cannot be uniquely determined from the given initial values F(to). After a 



short interval St = t — to, the difference of two F's, for two different choices of multipliers 
vf and v%, has the form 

AF(St) =e a {F,<f )a } , (A.28) 

where e a = {y% — vf) St. This difference is unphysical and corresponds to a gauge trans- 
formation generated by primary first class constraints <p a . Two successive gauge trans- 
formations of type (|A.28j) . with parameters e\ and e%, gives 

( Al A 2 - A 2 Ai) F (St) = e\e\ {F, {0 a , fe }} , (A.29) 

thus {cj) a ,(f)b}, containing secondary first class constraints, also generates gauge trans- 
formations. Dirac conjectured that all first class constraints are generators of gauge 
symmetries, what will be discussed below. 

Physical observables are quantities independent on arbitrary multipliers. These are 
gauge invariant objects. 

Generator of local symmetries. The Hamiltonian formalism provides an algo- 
rithm to construct the generators of all gauge symmetries of the equations of motion 
(|A.13|) . If the gauge transformations have canonical form 

5 £ z n = {z n ,G[e]} , (A.30) 

where e(t) is an infinitesimal local parameter, and the generator is 

G [e] = eGi + sG , (A.31) 

then necessary and sufficient conditions that Hamilton equations (jA.13|) are invariant 
under ()A.30j) are 

Gi = PFC , 

G + {G h H} = pfc, (A.32) 
{G Q ,H} = pfc, 

where 'pfc' stands for a primary first class constraint. Thus, Go and G\ are determined 
only up to primary first class constraints. This is Castellani's method and it can be 
generalized to the systems containing higher derivatives of a local parameter |1( )1| fl02j. 
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Dirac conjecture. Dirac conjectured that all first class constraints are generators 
of the gauge symmetries jHE]- From Castellani's method it can be seen that the genera- 
tors contain, apart from the primary first class constraints G±, also secondary constraints 
appearing in {Gi,H}. Since any higher power of constraints can be treated as strong 
equality, Castellani's algorithm stops if one obtains {Gi,H} = 4> K = (K > 2). There- 
fore, the Dirac conjecture is replaced by the statement that all first class constraints 
generate gauge symmetry, apart from those appearing in the consistency conditions as a 
higher power of a constraint 0, and those following from the consistency conditions of 

d) Extended action 

The total Hamiltonian (jA.ll)) contains only primary constraints. Because the separation 
on primary and secondary constraints has no physical implications, it is natural to define 
a Hamiltonian which contains all constraints in a theory, or extended Hamiltonian 

H E = H + u r (j) r . (A.33) 

This Hamiltonian contains more dynamical variables than Ht, thus the dynamics derived 
from the extended Hamiltonian is not equivalent to the Lagrangian one, but the difference 
is unphysical. The introduction of He is a new feature of the Hamiltonian scheme, which 
extends the Lagrangian formalism by making manifest all gauge freedom. 

The action with the dynamics equivalent to that obtained from He is a canonical 
extended action 

h 

I E [q,p, u} = J dt (q l Pi -H - u r (f> r ) , (A.34) 
to 

and it can always be reduced to the original action by gauge fixing of all extra multipliers. 
In a theory with only first class constraints, the following PB are satisfied 

{fa, <p s ] = CJ<P P , {0 r , H } = C r s s , (A.35) 

where C rs p (z) and C r s (z) are structure functions. Then the action Ie [q,p,u] is invariant 
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under the following gauge transformations 



6 e z n = {z n ,e r <f> r }, (A.36) 
5 £ u r = e r + C ps r u s e p + C s r e s . (A.37) 
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Appendix B 

Superspace notation in D = 2 



Two-dimensional space-time manifold M. with signature (— , +) is parametrized by the 
local coordinates x^ = (r, a) , where fj, — 0,1. 

In the tangent Minkowski space, the local coordinates x m (m = 0, 1) are exchanged by 
the light-cone coordinates x a (a = +, — ), defined by x ± = \ (x° ± x 1 ). In the light-cone 
basis, the Minkowski metric r/ mn = diag (—1, 1) , and its inverse rj mn , become 

and therefore the raising and lowering of the tangent space indices is performed as V± = 
—2V T . The Levi-Civita tensor e mn (e 01 = 1) in the light-cone basis takes the form 

Representation of 7-matrices. Dirac matrices, defined in the tangent space, sat- 
isfy the Clifford algebra 

{ 1 m , 1 n } = 2r] mn . (B.3) 
The following representation is used: 

'-(::)■'- (: :)•'-*■-(; -■)• <b - 4) 
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so that there is the identity Tr {pi m ^ n ^) = 2e mn . The projective 7-matrices 7 ± — \ (7 ± 
7 1 ) are represented as: 



7 + = I 1 , 7" = . 1 ■ (B.5) 





Spinors. A Majorana spinor is a Dirac spinor 9 a = | + ) which obeys the Ma- 

jorana condition 9 = C9 T , with 9 = 9^°, and C a p is the charge conjugation matrix 
{C~ lr y ll C = — 7J). In the representation (jB.4|) and with C = 7 , the Majorana spinors 
are real, 9* a = 9 a . The inverse tensor (C _1 ) a/3 = C a/3 performs the raising of spinor indices 
(9 a = C^Op), while C a $ performs their lowering (9 a = C a p9^). In components, it gives 
9± = ±9 T . Spinor contraction is denoted by 6£ = 9 a £ >a = —9 a £ a . 

Super covariant derivative. (1, 1) superspace is parametrized by four real coordi- 
nates z A = (x a , 9 a ), where x a are the light-cone coordinates and 9 a is a Majorana spinor. 
The supercovariant derivative is 

D a = 8 a + i(j m 9) a d m , (B.6) 

where d m = d/dx m and d a = d/d9 a . More explicitly, the derivative (JB.6J) in the repre- 
sentation (|B.4|) is 

D ± = de T -i9^d ± , (B.7) 

-D+ ' 



where D a 



D~ 



Super 5-function. A generalization of the 5-function to the super (^-function is 

S ±12 = 9 Tl2 5(xf-xf), (B.8) 
where 9u = 9\ — 9%- It has the following properties: 

fci 4 zi5 ± i2 = 1, 5±2i = -5±u, . s 

F( Zl )5 ±12 = F(z 2 )5 ±12 , Df6 ±12 = -DfS ±12 , 

where d 4 z = d 2 xd 2 9 and basic integrals for Grassman odd numbers are J d9 = and 
Jd99 = 1. 
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Appendix C 

Components of the vielbein and 
metric in the light-cone basis 



At each point of the curved space-time A4, there is a light-cone basis of 1-forms e a = 
e a ll dx^. The vielbein e a M (a = +, — ; fi = 0,1) is expressed in terms of variables 
(h~,h+,F,f) as 

The inverse vielbein e M a (e a ^e^ b = 6 b and e^ a e a u = 5") is 

The related basis of tangent vectors d a = e^Jd^ can be written as 

St = , 4 = j-——^; (do + h^d l ) . (C.3) 

It follows from (|C.1|) that the components of the metric tensor g^ u = r] ab e a ^e b u are 

2F , 1 ( -2h + h- h+ + h- 

9^u = e g^, 9 ^ = ~2\h + + h- -2 ' 

while the inverse metric g^ v has components 

2 f 2 h + + h' 

= e~ 2F g^ , g» v = , . C.5 

{h--h+f \h+ + h- 2h-h+ ' 
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J1F h~-h+ 



Here y/— g = e \J—g = e 

The Riemannian connection on A4 is defined by T a = as 



(C.6) 



where e mn (e 01 = 1) is the constant totally antisymmetric tensor in the Minkowski space 
or, in light-cone basis, e~ + = —e + ~ 
the connection becomes 



\. Written in terms of variables (|C.2|) and (jC.3j) . 



lu± = e 



<F±f) 



u ± Td ± (F T f) 



h~ - h+ 



(C.7) 



Covariant derivative in the conformally flat (light-cone) coordinates, acting on a Weyl 
field with the weight n, is 

(C8) 



or explicitly 

where V a = d a + | uj a . 



V a = d a + - u a . 



7 = e (±n-l)F-(n±l)/ v± e TnF+nf 



(C.9) 
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Appendix D 

Symplectic form in Chern-Simons 
theories 



Consider a Chern-Simons (CS) theory in D = In + 1 > 5 dimensions described by the 

action in Hamiltonian form (first order formalism) 

h 

IcsiA?} = J L CS (A) = JdtJ d 2n x (c:A?-A a oXa ) , (D.l) 



to 



dL cs = kg ai ... an+1 F^---F a ^, (D.2) 

where define a space of gauge fields A and A$ is Lagrange multiplier. Similarly to 
the basis of 1-forms dx 11 on the space-time manifold Ai, one can define a basis of 1-forms 
8 A? (x) on the manifold of gauge fields A. The symplectic form Cl is a quadratic 2-form 
defining the kinetic term in (|D.1|) . 



J cs = J dt VISAS A 

= J dt J d 2n x J d 2n x'n%{x,x') S_A°(x) SA){x') , (D.3) 



and it can be expressed as 



Kb^x) SA a {x) 5Ab{x ,y ^A) 



The symplectic form can be calculated using 

S 2 I CS _ (x) 
5 A? (x) 8 A) (a/) SA) (x') ' 
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;d.5) 



and varying dL C s in (jD.2|) . so that one obtains 



6L CS = k(n + l) g aai ... an F ai ---F a »6A a , 
5 2 L CS = kn(n + 1) g^...^ • • • F an ~ 1 D8A a 8A b 

+ A - independent part . (D.6) 

Therefore, one finds that the symplectic form is diagonal in continual indices (without 
non-local operators), 

ClZ(x,x') = nZ(x)8(x-x'), (D.7) 
with the symplectic matrix Q l ^ b given by 

A* 79 

= -^rr (« + 1) ^■■■ i ^g ahan F^ ■ ■ ■ . (D.8) 

In Hamiltonian approach, there is always a primary constraint <fi l a = 7r^ — £^ »s such 
that, by definition of PB and (ID .411 . gives 



1 6 3 



} = . (D.9) 



Therefore, the explicit expression for D a (A) is not necessary, since the symplectic matrix 
determines the dynamics of the theory. 

The matrix is degenerate because it always has at least 2n zero modes Vj, solutions 
of the matrix equation (Vj)\ = 0- It follows from the identity 

nji^ = -ajx. « o , (d.io) 

where (V})£ = FL. The above identity can be shown using the fact that the tensor 
Qacn-a„F, a ]- ■ ■ ■ , (the definition of antisymmetrization includes the factor 1 is 
totally antisymmetric in indices [ijji • ■ ■ V7n], and it is therefore proportional to the Levi- 
Civita tensor, 

9aai—a 7l F i ^j i ■ ■ ■ F^.^ = C a ^i^j x —i n j n i (D-ll) 

with the factor of proportionality 

C — \ n F hji~injn pai rpa n (y) 1 O) 

~ (2n)\ gaai '" an *W w«] ' {u.iz) 
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Then the identity 

9a ai -a n e SJ1 ^-^F a k l n ■ ■ ■ F£ jn] = (2n -l)\C a 5 s k (D.13) 
is equivalent to (|D.10|) . 
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Appendix E 

Anti-de Sitter group, AdSjj 



The D- dimensional AdSo group, SO(D — l, 2), is the isometry group of the D-dimensional 
hyperboloid 

H D : -x* + x\ + --- + x l D _ 1 -x 2 D = -i 2 (E.l) 
defined in a (D + l)-dimensional space-time with signature 

Vab = (-,+, ■■■ ,+,-), (A,B = 0,...,D) . (E.2) 

The group has D (D + 1) /2 generators represented by Jab = —Jba, which satisfy the 
Lie-algebra 

[Jab, Jcd] = VadJbc — Vbd J ac — Vac^bd + Vbc^ad ■ (E-3) 
The generators Jab can be decomposed into 

Jab: | J ^ J ^ ' (a,b — 0, . . . ,D — 1) , (E.4) 

[ J aft , 

leading to the AdSo algebra in the form 

[Jafe,J C d] = VadJbc — VbdJac — VacJbd + VbcJad, 

[J ab ,J c } = VbcJa- VacJb, ( E -5) 
[Jai Jb] = Jab i 

where the metric r] a b is (— , +,..., +). 
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The AdSo group is related to the Poincare group via the Wigner-Indnu contraction 
|lH2j . as follows. After defining P a = | J a , the commutator [P a , P b ] = 4 J ab vanishes in 
the flat space limit, i — > oo. Since J a b become the generators of Lorentz transformations 
and P a generators of translations in a-th direction, the AdSu algebra reduces to the 
.D-dimensional Poincare group ISO(D — 1,1). 

This motivates to construct a connection associated to AdS o whose components are 
the vielbein e a , and the spin- connection u ab , 



A = \W AB 3 AB = \ 




(E.6) 



The corresponding field-strength, F =dA + A 2 , has the form 



F 




a 



+ 



1 pab 



(E.7) 




where the torsion (T a ) and Ricci curvature (R ab ) are 



R 



>ab 



cb 



T 



1(4 



de a + u\e b . 



(E.8) 



AdS space-time, which has a constant curvature R 
pure gauge solution F ab = 0, T a = 0. 



— j I e a e b , can be interpreted as a 
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Appendix F 



Supersymmetric extension of AdS^ 

SU(2,2\N) 

a) Generators 

The supersymmetric extension of the AdS group in five dimensions is the super unitary 
group SU (2, 2 \N) [H^ |ll33|flH4j . containing supermatrices of unit superdeterminant which 
leave invariant the (real) quadratic form 

q = 6* a G a ^ + z* r g rs z s , (a = 1, . . . , 4; r = 1, . . . , N) . (F.l) 

Here 9 a are complex Grassman numbers (with complex conjugation defined as {0 a 9^Y = 
q*I3 @*a^ an( j an j are Hermitean matrices, antisymmetric and symmetric respec- 
tively, which can be chosen as 

G a (3 = i (To) aj 3 , 9rs = 5 rs . (F.2) 

The bosonic sector of this supergroup is 

SU(2, 2) ® SU(N) ® U{1) c SU(2, 2\N), (F.3) 
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where the AdS group is present on the basis of the isomorphism S77(2, 2) ~ 5*0(2, 4). 
Therefore, the generators of su(2, 2 \N) algebra are 

so(2, 4) : J AB = (J ab J a ) , (A, B = 0, . . . , 5) , 

su(N): T A , (A=l,...,iV 2 -l) , 

(F.4) 

SUSY: Q?, Q r a , (a = l,...,4; r = l,...,iV) , 

«(1): Gx, 

where = diag (—,+,+,+,+,—), and ^dS" rotations and translations are J a fe and 3 a = 
3 a5 (a,6 = 0,...,4). 

b) Representation of generators 

A representation of the superalgebra acting in (4 + N) -dimensional superspace (8 a ,y r ) is 
given by the (4 + N) x (4 + N) supermatrices as follows. 



• AdS generators 



Jab = ( 1 ^f 1 I ) , (F.5) 
with the 4x4 matrices Tab defined by 

{r a b = \ [r a , r 6 ] , 
(F.6) 
Ta5 — T a , 

where T a are the Dirac matrices in five dimensions with the signature (— , +, +, +, +); 
su(N) generators 



T 



A 





o (r A ): 

where ta are anti-Hermitean generators of su(N) acting in A^-dimensional space y r , 



[TA 1 ,T Aa ]=f AlJ £> t A3 ; (F.7) 
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• Supersymmetry generators 



, \ _ { 6*60 

Qq = , = r 7 ; F.8 

1 -6 S M 7 V o o 



q a 



u(l) generator 



i-5 13 

Gi = I 4 . I . (F.9) 



N u r 



c) The algebra 

From the given representation of the supermatrices, it is straightforward to find the ex- 
plicit form of the corresponding Lie algebra. The commutators of the bosonic generators 
Jab, Ta and Gi close the algebra su(2, 2) <g> su(N) <g> u(l), 

[Jab,Jcd] = VadJbc — Vbd 3 ac — Vac J bd + Vbc J ad , 

[T Al ,T A2 ] = / A , V A; T A ,. (F.10) 

The supersymmetry generators transform as spinors under AdS and as vectors under 
su(N), 



(F.11) 



[Jab, Q?] = ~\ (T AB ); Qf , [T A , Q«] = (r A ) s r Q« , 

[Jab, Oy = \ % {T AB t , [Ta, Q r J = -Q« {taY. , 

and they carry u(l) charge: 

[G.,%] = i (i-^) <£• (F.12) 
The anticommutator of the supersymmetry generators has the following form: 

{Q?,QJ} = ^ (r AB ); Jab-5| (^Ta + i^^Gx, (F.13) 
what can be shown using the orthogonality relations for T- and r-matrices, 

i(r^);(r^ = (F14) 

(r A );(r A ); = «-AT^. 
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d) Killing metric 



Denote all generators as Gm = (Gw, Gi), where Gm> are the generators of PSU(2, 2 \N) 
(closing the algebra without U(l) generator). The components of the Killing metric of 
SU(2,2\N) is an invariant tensor of rank two which is symmetric in the bosonic and 
antisymmetric in the fermionic indices, and has the form 




9mn = (G M G N ) = - ' , (F.15) 



where Jm'N' is the Killing metric of PSU(2,2\N), and (• • •) stands for the supertrace 
Str (•••), which is the difference between the trace of the upper and lower diagonal blocks. 
The components of the invertible Killing metric ^m'n 1 are 

1[AB][CD] = V[AB][CD] , 

7AiA 2 = Triv (t Ai t A2 ) , (F.16) 

7 co(a) = 

and it raises and lowers PSU(2, 2 \N) indices. Note that the metric gMN is not invertible 
(the corresponding supergroup is not semi-simple) . Here t}[ab][cd] = Vad Vbc — VacVbd ■ 



e) Symmetric invariant tensor 

The invariant tensor of rank three, completely symmetric in bosonic and antisymmetric 
in fermionic indices, can be calculated from 

9mnk = (GmGnGk) = - Str [(Gj^-Gjv + (— ) SmSn GnGm) Gk] ■ (F.17) 

Note that, due to the cyclic property of the supertrace, (anti)symmetrization in first 
two indices in (|F.17j) leads to the completely (anti) symmetric tensor Qmnk- It has the 
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following non- vanishing components: 



9[AB][CD][EF] 
5 , AiA 2 A 3 

9 H?){$) 

9l[AB][CD] 
S'lAiAa 

gin 



~2 £ ABCDEF , 

— 7AiA 2 a 3 , 

4 (Fab)^ > 

-| »7[ab][cd] , 
— 7AiA 2 j 

2 U + N) °P°t 

-i (42 - ^2) , 



fF.18) 



where 7AiA 2 a 3 = | Tr^r ({taj,> r A 2 } 7"A 3 ) is the symmetric invariant tensor of rank three for 
su(N) and T- matrices are normalized so that 



Tr 4 (r a r 6 r c r d r e ) = -ue 



abcde 



^abcde5 — ^abcde £.012345 -|\ 



(F.19) 



In the special case N = 4, the invariant tensor Qmnk of SU(2, 2 |4) simplifies to: 



9[AB] [CD] [EF] 
<?AiA 2 A 3 

9 [AB\{?){ 



— 2 e ABCDEF , 
~ 7AiA 2 A 3 , 



(F.20) 



I $ (ta) 



r ' 



QlM'N' — 4 iM'N' j 

with g m = and the PSU(2 1 2 |4) Killing metric 7a/'v given by (jF.16j) . 
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Appendix G 
Supergroup conventions 



Let Gm are supermatrices representing the generators of a Lie supergroup. They satisfy 
the super algebra 

[G M , Gjv] = f MN K G K , (G.l) 

where the commutators defined by [Gm, Gn] = GmGtv — (_) £m£jv GatGm and the num- 
bers Em = £ (Gm) are for bosonic and 1 for fermionic generators (modulo 2). Summation 
convention does not apply to (— ) e factors. The generators satisfy the generalized Jacobi 
identity 

(-T M£K [[G M Gjv] , G K ]+(-f M£N [[G N G K ] , G M ]+(-) eKEN [[G* ,G m ] , G N ] = , (G.2) 
what in terms of the structure constants stands for 

/ \£m£k f S e L , / \£m£n f S e L , / \£r£n f S e L r> ( (~\ o\ 

\) JMN JSK "+" l — J JA^ iSM + l — ) J KM JSN ~ u ■ {Kj.O) 

The associated connection 1-form is A = A M G M , where the components A M are 
Grassmann even fields (bosons) if Em = and Grassmann odd fields (fermions) if Em = 1- 
Then one says that the corresponding generators are bosonic and fermionic as well. Co- 
variant derivatives act on a Lie- valued form a as Da = da + [A, a] , where the commutator 
of a p-form a and a g-form (5 is generalized to [a, (5] = a/3 — (—) pq (— ) £a£/3 (3a . 

Denote the invariant multilinear form (supertrace) by (■••), which is antisymmetric 
for fermionic generators. Then the Killing metric, gMN, and the invariant tensor of rank 
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three, g M NK, are 

9m n = (GmGn) = Str (GmGn) , 

(G.4) 

gMNK = (GmGnGk) = 2 Str ([GmGn + (— ) M N GatGm] Gk) ■ 



MN , 



The invariant tensors f MN , gMN and gMNK are Grassmann even variables, e (g 
Em + £n = 0, ete., and they satisfy the identities 

f MK* gSN - gMS IkN S = 5 

(G.5) 

gMNS Ilk ~ Qmsk Jnl ~ i~) L N gsNK Jml — • 

The above identities follow from the definition of commutator and the cyclic property of 
sup ert race. 

A symmetric tensor Tu v -M n of rank n is defined by an element of Lie algebra T, as 

Tmx-m,, = (Ga/i • ■ ■ G A f„T) . (G.6) 
The identities (jG.5|) are equivalent to Dg M N = and Dg mnk = 0. 



Hamiltonian formalism. Hamiltonian formalism can be generalized to the systems 
containing fermions |55] . |124j - [T27] . If z A are local coordinates on the phase space, then 
the Poisson bracket (PB) of functions F (z) and G (z) is 

{^0^> < G - 7 > 

where d R /dz A and d L /dz A stand for right and left derivatives, respectively. The basic 
PB are {z A ,z B } = to AB . The convention that all derivatives are left is adopted (d/dz = 
d L /dz): 

5F = Sz A ^. (G.8) 

The PBs (IG.7)) are antisymmetric for bosons and symmetric for fermions, and they satisfy 
the generalized Jacobi identity (jG.2|) . 

Particularly, for canonical variables z A = (A^f (x),tc m (x)) , the PB become 

dF{x) dG{x') , - M dF{x) dG{x') 



{F(x),G(x')} = (-r £M / d 4 y 



[dAff(y)d7r M (y) v 1 d7r M (y)dAff(y)\ 
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, (G.9) 



with the basic PBs 



(*')} = -5Xi^ (x -x') = - (-) £M (x')} . (G.10) 

The canonical Hamiltonian has the form 

H= [dx (i&Ajf-£) , (G.ll) 



and the corresponding Hamilton equations are 

61 

8w 



Using definitions ()G.9|) and (|G.11|) . it is straightforward to find the generalization of 
generators of local symmetries, as well as to introduce Dirac brackets defining a reduced 
phase space. 
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Appendix H 

Killing spinors for the AdS 5 
space-time 



The AdS space-time can be given by the metric 

ds\ dS = f (dr 2 + e 2r Vnm dx n dx™) , Vnm = (-, +, +, +, +) , (H.l) 

with the local coordinates x^ = (t, r, x n ), where x 1 = r and x n = (t, x n ). The correspond- 
ing vielbein (e a ) and the spin-connection (uj ab ) are given by 



e 1 = idr , u nl — \e n — e r dx f: 

e* = £ e r dx n , 



(H.2) 



so that the AdS connection takes the form 



W = 1 e a T a + i u ab Y ab = 1 [e'T, + e "r n (1 + r\)] . (H.3) 
The Killing spinors e a are solutions of the Killing equation 

De = (d + W)e = 0, (H.4) 



which for ()H.3|) splits to the system of the following partial differential equations 

a r + Jr 1 ) £ = 0, (H.5) 



2 

[d n + e r T n (l + T^]e = 0. (H.6) 
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In the ansatz 1 

£ = h-\r)Q-\x n )e^ (H.7) 
where Eq is a constant spinor and h,Q G 5*0(2,4), the equation ()H.5|) has the solution 

h-\r) = e-$ Tl . (H.8) 

Then the equations ()H.6|) reduce to 

[d n Q- 1 + C n Q- l }e = 0, 

(H.9) 

Using the identity 

e i (i+ro = j + 1 (1 + ri) (e r _ 1} ^ (R1Q) 

the coefficients C s become 

c n = r n (i + r 1 ) . (H.n) 

Therefore, the general solution of the equation (jH.9|) is 

0- 1 = e -*"r n (i+ro = 1 _ x n T _ (1 + Fi) ^ (H.12) 



where it was used that the matrices (1 + Ti) are nilpotent. Therefore, from (jH.7|) . 
fR~8j) and (fH"T2jl . the AdS Killing spinor has the form [EH] 

e = e -i ri [1 - x n T n (1 + T,)} e . (H.13) 

The norm of e is defined by ||e|| 2 = ee, where S = £^T . Using rt = r r n r and r{ = r{, 
as well as the Clifford algebra of T-matrices, one obtains 

\\e\\ 2 = e [i + x n (i - r\) r R ] [1 - x n r n (i + ro] e = IMI 2 • (h.w) 

Therefore, the spinor e given by ()H.13|) has a constant positive norm, ||e|| = ||£ || > 0. 



For F = 0, the gauge field is a pure gauge, A = g 1 dg, and the solution of the Killing equation 
De = (d + A) e = is e = 3 -1 e . 
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